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Inhomogeneous extension Bianchi |
model



Proposal I

Motivation: can we go over Loop Quantum Cosmology and preserve
“more” of the full Loop Quantum Gravity structure??

We want to define a weaker reduction of gravity phase space which
captures the relevant cosmological degrees of freedom such that

_aresidual diffeomorphisms invariance is retained and the scalar
constraint can be regularized.

Inhomogeneous extension Bianchi | model



Diagonal Bianchi line element I

Only part which
depends on x

ds? = N2(t)dt2—e20((e200) - i

Universe volume diagonal and with Fiducial 1-forms
vanishing trace
Two independent dwt — C ;z}kwj A wh
components: /

Anisotropies @

One considrs oy ype A =1 __, Sorsartdopendng

model
Most relevant cases: |,Il, IX...



Reduced phase-space I

Momenta: E;&! — pf(t)ww? pe" — €2a€_3”
Not summed
Connections: A’ = ¢;(t)w!.. Ci = (%(a + Bii) + O«-é) e el
It depends on the kind of
Poisson brackets: Bianchi model adopted
7 St
{p3< ) >}PP_ L,T ﬁé‘f
Fiducial volume (it can
be avoided by rescaling
_ variables)
Holonomies: edge length
ol
h’E’i — £ /—‘E. 171

edge along w.



Bianchi | I

The simplest case is Bianchi | model

C% =0 W' = i dz®
ds* = N*(t)dt*—ai(t)(dz' > —as(t)(dz?)’ —a3(t)(dz?)?
Three scale factors along Cartesian coordinates Tt = 5,_?"‘1:1:"*1

Phase-space variables

Eff = p'(t)5] Al = ¢i(t)o,



If we retain a dependence on spatial coordinates in the reduced
variables of a Bianchi | model....

B = p' (. x)0; Al = ¢;(t, x)0

1) Re-parametrized Bianchi | model:

ds®* = N*(t, z)dt*—ai(t,z")(dx')* —a3(t, 2*)(d2?)*—a3(t, 2°) (dz?)?

the three scale factors are functions of
the associated Cartesian coordinate

2)Kasner epoch: it describes the behavior of the generic cosmological

solution du'ring each Kasner epoch.
N2(t, z)dt*—ai(t, z)(dz' ) —ai(t, x)(dz?)*—a3(t, z)(dz?)

ds’® —

Spatial gradients negligible with
respect to time derivatives.



Reduced phase-space I

Momenta: _ Connections:
EY = p'(t, x)d} Al = ¢;(t. )0,

Given a metric tensor, all triads related A unique choice implies a gauge-
by a rotation are equally admissible. fixing of the rotation group

a _ pk a k _ sk
EE =R ZE;_[ R i Og

Gauge fixing condition:  \; = > ;| E-z'.lkEi?éé = ()

( 2 XD TN
Poisson brackets: {P'(t.z), ci(t,y)} = MG’}"O}O (z—y)



U(1). Gauss constraints: (&, = i")zj;)f = (

each integral curve I'. of the vector field w=06"0_is parametrized by
the coordinates i i a
r’ =0,
Hence we can see

G; = (‘-')z.]_-)‘-’ — () spatial index

as the generator of a U(1) gauge transformation.

U(1), U(1).U(1),
U(1)2 B
C and p. are the connection ety
and the momentum of a U(1) ? ]
gauge theory on each ' . u(), o
r r' r"

1 1 1

By varying i one gets three independent U(1) gauge groups.



Reduced diffeomorphims: D; = Z[]g)-j dicj — 0 (}g)--'j Cj )]
oneach I /
= gt 4 & &= ¢'(a")

Given an edge e along w=0"0_a reduced diffeomorphisms acts as

A generic
X"=X+¢ , diffeomorphisms in the
T 1-dimensional space
i . generated by 9

X'=x+¢ . :
— > Arigid translation
e 7 e € along the directions
| generated by 9 for j#i

A reduced diffeo maps an edge e into another
edge e’ which is still parallel to the vector field ¢




Reduced Quantization



Reduced quantization I

Let us quantize the algebra of holonomies along reduced graphs and

fluxes along dual surfaces: edges e

U(1). holonomies along e Fluxes across dual surfaces S'

1, e’ le
he =P (63 fe-zf Cg‘dﬂ) p fgg P’ “]’1 dudv | I

/ ')'i Si

U(1). group element

Kinematical Hilbert space: U(1), Haar measure

H = @F@ Hr = ®; Dfe;,cT) LQ(U(I)-& dﬂ-i)



A generic functional over a graph is given by

functions of U(1),
group element

Basis: U(1) networks

Momenta act as invariant vector fields of the U(1) groups

p'(S*)be; = 8myl% Zn.?; n;eti0 o)

U(1) Irreps



Kinematical constraints:

they generate U(1)

1) Relic Gauss constraint G = (‘-')_z-_p?-' — () )
| | gauge transformations.

e
h,ﬁ-_,?: g /‘*\?‘.(;’ITO) l’?.-g_l,:)\i_l(ir-l) e i; e

Projection on the U(1) gauge-invariant Hilbert space: 2
: f dA\idNs. ..
e'2 n2
e

U(1). quantum numbers

e
1 1
conserved along ai n n,
e2 n2
q, .
i Lattice structure
2
S2

Not allowed!



2) Reduced diffeomorphisms:

Action of reduced diffeomorphisms:

Invariant states via a sum over reduced s-Knots.

f‘f ( - ) — ZFE S “F ( ' )

S: equivalence class of graphs
under reduced diffeomorphisms




Can we implement the dynamics (Thiemann prescription) ?7?? NO

We cannot attach the

The attachment of a

holonomies needed j U(1) group element

to reqularize the

spoils U(1) gauge

superHamiltonian invariance
m2 A mz A
n n (n+1), n
>
> —> —>
e—
1 U(1) quantum
1, 7 (m+1), 4 numbers not
1, 2 conserved
m2 1 m 1

The drawback is the absence of a real 3-dimensional

vertex structure.

We need a nontrivial interplay
between U(1). quantum numbers

Truncation of the
full theory



Quantum-reduced Loop Gravity



Proposal |

Truncation of LQG Hilbert space in order to get

1) the same lattice Projection to graphs Reduced
structure as in with edges e diffeomorphisms

reduced quantization

Non trivial
Proiection f SU(2) vertex structure
rojection from from SU(2)-
2)U(1) group elements group to U(1) subgroups invariant(H)iIbert

space!



1 Projection to reduced ML |
) graphs (with edges e) @

Ph, = { he e = ¢,

0 otherwise

projector ' f
Action of U,he = h (e)

diffeomorphisms

redy, = PU,P

Diffeo in reduced space

"4 h,, = PU,Ph,, = PU,h,, = Phy.,y = Uni he, Tﬁ;:m%ﬁ

restricts the class of admissible quantization by summing over

The truncation of admissible edges Invariant states as in reduced
diffeomorphisms to reduced ones. [ ; reduced s-knots.




. GAUGE-FIXING
2) U(1) group elements: OF SU(2) GROUP

Ef = p'(t.2)0] ey Xi = € FER00 = 0 LamdpXi = D21 1 ;1 Ep(S'
s

sty = P (o) ;_

s

Mimicking the imposition of S

simplicity constraints in
spin-foam




Emanuele’'s talk.......

PROJECTION TO U(1) REPRESENTATIONS
WITH MAXIMUM/MINIMUM MAGNETIC
NUMBER ALONG THE DIRECTION i

+oo n] coefficients of the
oIl __ E Lyl \./,Tvi  expansion in U(1)
n;=—00
Basis elements inJ - VSN e RN s Y TS
. Lonlqg) = D, () D! L (g) DY 5 (s
=Ciar e e mn(9) ma ;) af3 (9) ,3;1( i)
up = (1,0,0)
'I_L’Q — (0" 1'- O)
u3z = (0,0,1)



States are entirely determined by their restriction to U(1). subgroups:

+00
ol ) e me J,?'.--'n.iﬁ""" LY
12 (Q, E.E{‘L-'(l)_i — € We,
8 ——00

as for momenta...

Ey(SY)Y (9)e; = g ﬁ[P Z T ?D;!?;:! (9)te!

N;=—

By restricting g to the U(1) subgroup:



Kinematical Hilbert space: U(1), Haar measure

H = opHy Hr = @; ®fo.cry LU (1), dpt')

A generic functional over a graph is given by

Py P— : 2y ol inf ) N
wr 0 ®{{T:-;-'_Cr} Ye; Ye; = Zw-.;_ € 8-"""7?3’-2'.2

U(1). group element
U(1) Irreps

Basis: U(1) networks

THE SAME HILBERT SPACE AS IN REDUCED QUANTIZATION




reduction

(AL (t,2), EU(t, )} = $nG3L016° (2—y) p 11.2).¢j(t0)} = $7Gr08% )

reduced
phase-space

quantization quantization

reduction

Hr = ®4ecryLASU (). dy g 1T =i ecry UM i)
R

educed graphs,
gauge-fixing, |U(1)

BUT kinematical constraints: reduced diffeo-invariance,............

reduced s-knots



Reduced intertwiners |

The substantial difference w.r.t. reduced quantization is that the U(1)i

groups are obtained by stabilizing the SU(2) one along different internal
directions, thus THEY ARE NOT INDIPENDENT.

Q Emanuele's talk.......

Some intertwiners arise by
projecting from the SU(2) invariant
kinematical Hilbert space.




For instance, for a 3-valence vertex

Reduced 3-valence
intertwiner: determined by
Clebsch-Gordan coefficients

Admissible values: |j - |=j.5] ],
(the intertwiners generically do not
vanish by changing | , j, to j +1, j -1)

The action of the curvature operator
can be implemented in the reduced-
gauge invariant Hilbert space.



Moreover we can reduce the area of the plaquette via reduced
diffeomorphisms so...

the limit in which the area of the additional plaquette vanishes is well-
definite on reduced diffeo-invariant states.



Geometrical operators |

We are interested in the volume operator

_ 1 . _
VT[S 2] - [] dgl{r\/‘?TTECLE)L'EE‘?A.E?EEE?‘

which can be regularized by writing in terms of E(S')

Each flux EI(S') acts only The VOLUME oper_ator IS
on elements based at e DIAGONAL on basis elements

VI, o' D% (he,) DY, (het) = (87915)* P\ (i + 31) (o + 55) (ja + 74) ey e DY (he,)'D (her)



Dynamics |

Reduced diffeo invariance

THE SUPERHAMILTONIAN CAN BE REGULARIZED and
ITS MATRIX ELEMENTS CAN BE EXPLICITLY COMPUTED

Diagonal volume operator




Perspectives



It's time to do physics.....

a new model for a quantum Universe:

_ semiclassical limit: viability of QRLG. Emanuele's talk

__what about the initial singularity?? bounce??
__inhomogeneous model: something new? Do spatial points decouple???

__quantum fields on a quantum space, loop quantization in action:
role of the fundamental fields composing the thermal bath.

a simplified are for loop quantization:

__quantum fields on a quantum space, loop quantization in action:
phenomenological implications.
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