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ã : specA −→ C

χ 7−→ χ(a)

Gelfand-Naimark theorem

∼ : A −→ C0(specA)
a 7−→ ã
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ã

→

Definition: Natural Mapping ι : S −→ specA

ι(s) : A −→ C

a 7−→ a(s)

Proposition: 1. ι(S) dense in specA

2. a) ι and A separate same points
b) ι injective ⇐⇒ A separates points in S

3. ι continuous ⇐⇒ A ⊆ C(S)

Proof: 1. χ ∈ specA \ ι(S)

=⇒ ∃φ ∈ C0(specA) with φ(χ) 6= 0, but φ ≡ 0 on ι(S)
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=⇒ ã2 ◦ σ = ã1 (Gelfand-Naimark)

=⇒ σ∗a2 ≡ a2 ◦ σ = ã2 ◦ ι2 ◦ σ = ã2 ◦ σ ◦ ι1
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ġ(t) = −c A∗

(
γ̇(t)

)
g(t)

g(0) = 1

• Homogeneous Isotropic Connection (M = R
3, G = SU(2))

A∗ = τ1dx + τ2dy + τ3dz

A∗(γ̇(t)) =

(
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−ḃ ȧ
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m := ẋ− iẏ
n := ż
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ḃ = ic(nb + ma) b(0) = 0



3 Embeddability Criterion Brunnemann, CF 2007/08 LQC
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m

• Examples

Straight Line

ṁ 0
n, ṅ 0
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ȧ = ic(na − mb)
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ṁ 0 2im
n, ṅ 0 0
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Solution b(t) = sin ct

Good!



3 Embeddability Criterion Brunnemann, CF 2007/08 LQC
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Solution b(t) = sin ct b(t) = eit
q

1+ 1
c2

sin
√

1 + 1
c2 ct

Good!



3 Embeddability Criterion Brunnemann, CF 2007/08 LQC
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ṁ 0 2im
n, ṅ 0 0
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Good! Well . . .Theorem: R ↪→ A cannot be continuously extended to RBohr ↪→ A.
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σ
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Proposition: σ∗
B2 ⊆ A1 =⇒ continuous σ exists (unital case)

Proof: • σ∗A2 ≡ σ∗(C∗B2) ⊆ C∗(σ∗B2) ⊆ C∗(A1) ≡ A1
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=⇒ σ̃∗a2|ι1(S1) = ã2 ◦ σ̂ ∀a2
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Question: Existence, uniqueness, continuity of σ?

S1
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ι1↓

...............
σ
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ι2↓

Theorem: continuous σ exists ⇐⇒ σ∗
B2 ⊆ A1 (unital case)

Corollary: continuous σ exists =⇒ σ unique

Theorem: injective continuous σ exists ⇐⇒ CylLQC = C∗(σ∗Cyl)

Lesson: Defining

CylLQC := σ∗Cyl
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piecewise analytic + − − − Ashtekar/Lewandowski

piecewise smooth + − − − Baez/Sawin, CF

piecewise Ck + − − − CF

piecewise linear + + + − Zapata, Engle

in fixed graph + (−) (−) (−) Giesel/Thiemann

in fixed PL graph + (◦) (◦) (−) Giesel/Thiemann

barycentric subdivision + (◦) (◦) (−) Aastrup/Grimstrup
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− . . . no cont. σ
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set of solutions of
ȧ = ic(na−mb) a(0) = 1

ḃ = ic(nb + ma) b(0) = 0

Proposition: C0(R)⊕ CAP(R) ⊆ σ∗Cyl Hanusch, CF 2013

Proof: • Straight line =⇒ solution with period L(γ) =⇒ CAP(R)

• Circle =⇒ asymptotically periodic solution =⇒ C0(R)

c1 < c2 separated by any circle

Proposition: σ∗Cyl ⊆ C0(R)⊕ CAP(R)

Proof: Estimates∞

Theorem: C∗-algebra of cylindrical functions of homogeneous isotropic LQC:

C0(R)⊕ CAP(R)

Task: Determine spectrum of C0(R)⊕ CAP(R)



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)

open III General Situation Loop Quantum Cosmology 1-pt Compactificaton

X locally compact R X

A0 C∗-algebra ⊆ C0(X) C0(R) C0(X)

A1 unital C∗-algebra ⊆ Cb(X) CAP(R) C · 1

A0 ∩ A1 = 0 C0(R) ∩ CAP(R) = 0 C0(X) ∩ C · 1 = 0

A0A1 ⊆ A0 C0(R)CAP(R) ⊆ C0(R) C0(X) · C ⊆ C0(X)

A C∗-algebra (sic!) A0 + A1 C0(R) + CAP(R) C0(X) + C · 1



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)

open III General Situation Loop Quantum Cosmology 1-pt Compactificaton

X locally compact R X

A0 C∗-algebra ⊆ C0(X) C0(R) C0(X)

A1 unital C∗-algebra ⊆ Cb(X) CAP(R) C · 1

A0 ∩ A1 = 0 C0(R) ∩ CAP(R) = 0 C0(X) ∩ C · 1 = 0

A0A1 ⊆ A0 C0(R)CAP(R) ⊆ C0(R) C0(X) · C ⊆ C0(X)

A C∗-algebra (sic!) A0 + A1 C0(R) + CAP(R) C0(X) + C · 1



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)

open III General Situation Loop Quantum Cosmology 1-pt Compactificaton

X locally compact R X

A0 C∗-algebra ⊆ C0(X) C0(R) C0(X)

A1 unital C∗-algebra ⊆ Cb(X) CAP(R) C · 1

A0 ∩ A1 = 0 C0(R) ∩ CAP(R) = 0 C0(X) ∩ C · 1 = 0

A0A1 ⊆ A0 C0(R)CAP(R) ⊆ C0(R) C0(X) · C ⊆ C0(X)

A C∗-algebra (sic!) A0 + A1 C0(R) + CAP(R) C0(X) + C · 1



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)

open III General Situation Loop Quantum Cosmology 1-pt Compactificaton

X locally compact R X

A0 C∗-algebra ⊆ C0(X) C0(R) C0(X)

A1 unital C∗-algebra ⊆ Cb(X) CAP(R) C · 1

A0 ∩ A1 = 0 C0(R) ∩ CAP(R) = 0 C0(X) ∩ C · 1 = 0

A0A1 ⊆ A0 C0(R)CAP(R) ⊆ C0(R) C0(X) · C ⊆ C0(X)

A C∗-algebra (sic!) A0 + A1 C0(R) + CAP(R) C0(X) + C · 1



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)

open III General Situation Loop Quantum Cosmology 1-pt Compactificaton

X locally compact R X

A0 C∗-algebra ⊆ C0(X) C0(R) C0(X)

A1 unital C∗-algebra ⊆ Cb(X) CAP(R) C · 1

A0 ∩ A1 = 0 C0(R) ∩ CAP(R) = 0 C0(X) ∩ C · 1 = 0

A0A1 ⊆ A0 C0(R)CAP(R) ⊆ C0(R) C0(X) · C ⊆ C0(X)

A C∗-algebra (sic!) A0 + A1 C0(R) + CAP(R) C0(X) + C · 1



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)

open III General Situation Loop Quantum Cosmology 1-pt Compactificaton

X locally compact R X

A0 C∗-algebra ⊆ C0(X) C0(R) C0(X)

A1 unital C∗-algebra ⊆ Cb(X) CAP(R) C · 1

A0 ∩ A1 = 0 C0(R) ∩ CAP(R) = 0 C0(X) ∩ C · 1 = 0

A0A1 ⊆ A0 C0(R)CAP(R) ⊆ C0(R) C0(X) · C ⊆ C0(X)

A C∗-algebra (sic!) A0 + A1 C0(R) + CAP(R) C0(X) + C · 1



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)

open III General Situation Loop Quantum Cosmology 1-pt Compactificaton

X locally compact R X

A0 C∗-algebra ⊆ C0(X) C0(R) C0(X)

A1 unital C∗-algebra ⊆ Cb(X) CAP(R) C · 1

A0 ∩ A1 = 0 C0(R) ∩ CAP(R) = 0 C0(X) ∩ C · 1 = 0

A0A1 ⊆ A0 C0(R)CAP(R) ⊆ C0(R) C0(X) · C ⊆ C0(X)

A C∗-algebra (sic!) A0 + A1 C0(R) + CAP(R) C0(X) + C · 1

Observation: By τ(x) : a 7−→ a(x)
τ(χ1) : a0 + a1 7−→ χ1(a1)

we get well-defined τ : X t specA1 −→ specA :



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)

open III General Situation Loop Quantum Cosmology 1-pt Compactificaton

X locally compact R X

A0 C∗-algebra ⊆ C0(X) C0(R) C0(X)

A1 unital C∗-algebra ⊆ Cb(X) CAP(R) C · 1

A0 ∩ A1 = 0 C0(R) ∩ CAP(R) = 0 C0(X) ∩ C · 1 = 0

A0A1 ⊆ A0 C0(R)CAP(R) ⊆ C0(R) C0(X) · C ⊆ C0(X)

A C∗-algebra (sic!) A0 + A1 C0(R) + CAP(R) C0(X) + C · 1

Observation: By τ(x) : a 7−→ a(x)
τ(χ1) : a0 + a1 7−→ χ1(a1)

we get well-defined τ : X t specA1 −→ specA :

[τ(χ1)]
`
(a0 + a1)(b0 + b1)

´
= [τ(χ1)]

`
(a0b0 + a0b1 + a1b0) + a1b1

´

= χ1(a1b1) = χ1(a1) χ1(b1)

= [τ(χ1)](a0 + a1) [τ(χ1)](b0 + b1).



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)

open III General Situation Loop Quantum Cosmology 1-pt Compactificaton

X locally compact R X

A0 C∗-algebra ⊆ C0(X) C0(R) C0(X)

A1 unital C∗-algebra ⊆ Cb(X) CAP(R) C · 1

A0 ∩ A1 = 0 C0(R) ∩ CAP(R) = 0 C0(X) ∩ C · 1 = 0

A0A1 ⊆ A0 C0(R)CAP(R) ⊆ C0(R) C0(X) · C ⊆ C0(X)

A C∗-algebra (sic!) A0 + A1 C0(R) + CAP(R) C0(X) + C · 1

Observation: By τ(x) : a 7−→ a(x)
τ(χ1) : a0 + a1 7−→ χ1(a1)

we get well-defined τ : X t specA1 −→ specA :

[τ(χ1)]
`
(a0 + a1)(b0 + b1)

´
= [τ(χ1)]

`
(a0b0 + a0b1 + a1b0) + a1b1

´

= χ1(a1b1) = χ1(a1) χ1(b1)

= [τ(χ1)](a0 + a1) [τ(χ1)](b0 + b1).

Proposition: specA ∼= X t specA1 CF 2010



4 Configuration Space for Embeddable LQC Sums of Subalgebras
+

Task: Determine spectrum of C0(R)⊕ CAP(R)

open III General Situation Loop Quantum Cosmology 1-pt Compactificaton

X locally compact R X

A0 C∗-algebra ⊆ C0(X) C0(R) C0(X)

A1 unital C∗-algebra ⊆ Cb(X) CAP(R) C · 1

A0 ∩ A1 = 0 C0(R) ∩ CAP(R) = 0 C0(X) ∩ C · 1 = 0

A0A1 ⊆ A0 C0(R)CAP(R) ⊆ C0(R) C0(X) · C ⊆ C0(X)

A C∗-algebra (sic!) A0 + A1 C0(R) + CAP(R) C0(X) + C · 1

specA X t specA1 R t RBohr X t {∞}

ι canonical embedding R ↪→ R t RBohr R ↪→ R t {∞}

open I V t∅ open V V t∅

open II Kc t specA1 compact K Kc t {∞}

open III a−1
1 (U) t ã−1
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Idea: Determine measures separately on R and RBohr

R RBohr

Engle 2013•

Hanusch 2013• •

µR µHaar

Strategy: R ∼= lim←−E

(
(im %) t U(1)#E

)

• E ⊆ R independent over Z

• % : 1 + U(1) −→ Ṙ homeo with %(0) = ∞

Hanusch 2013

µR = %∗µU(1)
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