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Introduction

Idea: Coherent states can be used to construct operators corresponding to
classical functions. [Klauder 1970's→]; [Bergeron, Gazeau, arXiv:1308.2348]

Ingredients:

A complete set of coherent states |q, p〉 labeled by coordinates q and
momenta p

1 =

∫
dµ(q, p) |q, p〉〈q, p|

A function f (q, p) on the classical phase space

f (q, p) → Âf =

∫
dµ(q, p) f (q, p) |q, p〉〈q, p|
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Part 1:

Coherent states on SU(2)



Coherent states on SU(2): Construction of the states

Coherent states in QM:

δ(x − x0) =

∫
dk e−ik(x−x0)

Insert eσ∇
2/2∫

dk e−σk
2/2e−ik(x−x0) ∼ e−(x−x0)

2/2σ

Replace x0 with x0 + ip0

ψ(x0,p0)(x) ∼ e ip0xe−(x−x0)
2/2σ

Coherent states on SU(2):

δg0(g) =
∑
j

dj TrD
(j)(g0g

−1)

Insert et∇
2/2∑

j

dj e
−tj(j+1)/2 TrD(j)(g0g

−1)

Replace g0 ∈ SU(2) with
h ∈ SL(2,C)∑

j

dj e
−tj(j+1)/2 TrD(j)(hg−1)
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Coherent states on SU(2)

ψh(g) =
∑
j

dj e
−tj(j+1)/2 TrD(j)(hg−1)

dj = 2j + 1

h ∈ SL(2,C)

[Thiemann and Winkler, arXiv:hep-th/0005233, 0005234, 0005235 and 0005237]

For an interpretation in terms of classical variables, decompose h as

h = g0e
p0·σ/2 = ep

′
0·σ/2g0

where g0 ∈ SU(2), and (p′0 · σ) = g0(p0 · σ)g−10 .
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Relation to classical variables

It is natural to identify g0 as the holonomy of the Ashtekar�Barbero connection
along an edge e:

he = P exp

(∫
e

A

)

Two conjugate variables can be associated to the edge by
using the parallel transported �ux variable:

E [p](S) =

∫
S

d2σ na(σ) hp←σE
a(σ)hσ←p

Choosing p = {s(e), t(e)}, one obtains two variables,
which are related by

E [t(e)] = heE
[s(e)]h−1e

t(e)

s(e)

p

σ
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Semiclassical properties

〈g |g0, p0〉 =
∑
j

dj e
−tj(j+1)/2 TrD(j)(g0e

p0·σ/2g−1)

〈jmn|g0, p0〉 =
√
dj e
−tj(j+1)/2 D(j)

mn(g0e
p0·σ/2)

The state |g0, p0〉 is peaked on its labels in the following sense:

ρ(g) = |〈g |g0, p0〉|2 has a maximum at g = g0;
the peak is sharp when t is small.

ρ(j ,m, n) = |〈jmn|g0, p0〉|2 has a maximum at j ' |p0|/t;
the peak is sharp when t is large.
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Further properties

The states |g , p〉 provide an overcomplete basis on the Hilbert space
L2
(
SU(2), dµHaar

)
:

1 =

∫
dµ(g , p) |g , p〉〈g , p|

where the measure has the form dµ(g , p) = dµHaar(g) dν(p).

Under a local SU(2) gauge transformation a(x), the states transform as

|g , p〉 → |a−1(t)ga(s),R−1
(
a(s)

)
p〉

|g , p′〉 → |a−1(t)ga(s),R−1
(
a(t)

)
p′〉

where R(a) is the R3 rotation matrix associated with a ∈ SU(2).
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Part 2:

Coherent state operators in LQG



Coherent state operators in LQG

A coherent state operator associated to a single link of a spin network will have
the form

Âf =

∫
dµ(g , p) f (g , p) |g , p〉〈g , p|

More generally,

Âf =

∫
dµ(g1, p1) · · · dµ(gN , pN) f ({g}, {p})

× |g1, p1 ⊗ · · · ⊗ gN , pN〉〈g1, p1 ⊗ · · · ⊗ gN , pN |

e1

e2

eN

...

Properties:

Âf is gauge invariant, if f ({g}, {p}) is invariant under the corresponding
transformation of {g} and {p}.
If f (g , p) > 0 almost everywhere, then all eigenvalues of Âf are strictly
positive.
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Part 3:

Examples



Holonomy operator

To construct the coherent state operator corresponding to the holonomy, choose

f (g , p) = D
(j)
mn(g):

Â
D

(j)
mn

=

∫
dµ(g , p)D(j)

mn(g) |g , p〉〈g , p|

The matrix elements of this operator between two spin network states(
〈g |jmn〉 =

√
djD

(j)
mn(g)

)
are

〈j1m1n1|ÂD
(j)
mn
|j2m2n2〉 = Ct(j1, j2, j)

√
dj1
dj2

C jj1j2
mm1m2

C jj1j2
nn1n2

= Ct(j1, j2, j)〈j1m1n1|D̂(j)
mn|j2m2n2〉

where
Ct(j1, j2, j)→ 1 when t → 0
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Left-invariant vector �eld

The choice f (g , p) = pi (h = gep·σ/2) gives the coherent state operator of the
left-invariant vector �eld:

Âpi = −i
∫

dµ(g , p)
pi

t
|g , p〉〈g , p|

The scaling by 1/t gives a good large j limit of the operator.

The action of the operator on a spin network state is given by

Âpi |jmn〉 = Et(j)L̂
i |jmn〉

where Li is the standard left-invariant vector �eld
(
Liψ(g) =

d

dε
ψ(ge−iεσi/2)

∣∣∣∣
ε=0

)
and

Et(j) ' 1+O
(
1

j

)
when j � 1
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Right-invariant vector �eld

To get the right-invariant vector �eld, use the variable p′ (h = ep
′·σ/2g) :

Â(p′)i = i

∫
dµ(g , p′)

(p′)i

t
|g , p′〉〈g , p′|

The action on a spin network is again

Â(p′)i |jmn〉 = Et(j)R̂
i |jmn〉
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Algebra of holonomies and �uxes

To study the structure of the quantization of holonomies and �uxes by coherent
states, we compare [Â

D
(j)
mn
, Âpi ] with the commutator of the corresponding

canonical operators,

[D̂(j)
mn, L̂

i ] =
i

2
D(j)
µn(σ

i )D̂(j)
mµ

The result is

〈j1m1n1|[ÂD
(j)
mn
, Âpi ]|j2m2n2〉 = 〈j1m1n1|

i

2
D(j)
µn(σ

i )Â
D

(j)
mµ
|j2m2n2〉

+
i

2

(
Et(j2)− 1

)
D(j2)

n2µ
(σi )〈j1m1n1|Â

D
(j)
mn
|j2m2µ〉 −

i

2

(
Et(j1)− 1

)
D(j1)
µn1

(σi )〈j1m1µ|Â
D
(j)
mn
|j2m2n2〉

where (Et(j)− 1)→ 0 in the limit j →∞.
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Area operator

Classically, Area(S) =
√
Ei (S)Ei (S). Accordingly, the coherent state area

operator is

Â|p| =

∫
dµ(g , p)

|p|
t
|g , p〉〈g , p|

Spin networks are eigenstates of this operator,

Â|p||jmn〉 = α(j)|jmn〉

However, the eigenvalue is modi�ed:

α(j) =

(
j +

1

2
+

1

t(2j + 1)

)
erf

[√
t
(
j + 1

2

)]
+

1√
πt

e−t(j+1/2)2
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Â|p||jmn〉 = α(j)|jmn〉

However, the eigenvalue is modi�ed:

α(j) =

(
j +

1

2
+

1

t(2j + 1)

)
erf

[√
t
(
j + 1

2

)]
+

1√
πt

e−t(j+1/2)2

Ilkka Mäkinen Coherent state operators in LQG February 20, 2015 13 / 20



Area operator

Classically, Area(S) =
√
Ei (S)Ei (S). Accordingly, the coherent state area

operator is
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Area operator: Eigenvalues

For large j the
spectrum
approaches that of
the canonical area
operator.

The lowest
eigenvalue α(0) is
positive, even in
the t →∞ limit.
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Angle operator

For a pair of links belonging to a spin network node, we de�ne the angle operator

Âθ(p1,p2) =

∫
dµ(g1, p1; g2, p2) cos

−1
(

p1 · p2
|p1||p2|

)
|g1p1; g2p2〉〈g1p1; g2p2|

It is diagonal on (suitably coupled) spin networks:

Âθ(p1,p2)

∣∣∣∣∣
j1

k

j2
〉

= θ(j1, j2, k)

∣∣∣∣∣
j1

k

j2
〉

θ(j1, j2, k) =

∫
dν(p1, p2) cos−1

(
p1 · p2
|p1||p2|

) (
j1 j2 k
m1 m2 µ

)
D

(j1)
m1n1 (e

p1·σ)D
(j2)
m2n2 (e

p2·σ)

(
j1 j2 k
n1 n2 µ

)
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Âθ(p1,p2)

∣∣∣∣∣
j1

k

j2
〉

= θ(j1, j2, k)

∣∣∣∣∣
j1

k

j2
〉

θ(j1, j2, k) =

∫
dν(p1, p2) cos−1

(
p1 · p2
|p1||p2|

) (
j1 j2 k
m1 m2 µ

)
D

(j1)
m1n1 (e

p1·σ)D
(j2)
m2n2 (e

p2·σ)

(
j1 j2 k
n1 n2 µ

)

Ilkka Mäkinen Coherent state operators in LQG February 20, 2015 15 / 20



Angle operator: Eigenvalues

∣∣∣∣∣
j

j

j〉

θcanonical(j , j , j) =
2π

3
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Angle operator: Eigenvalues

∣∣∣∣∣
j

j

j〉

θcanonical(j , j , j) =
2π

3

Ilkka Mäkinen Coherent state operators in LQG February 20, 2015 16 / 20



Volume operator

The operator

ÂVn =

∫
dµ(g1, p1) · · · dµ(gn, pn)Vn

(
p1
t
, . . . ,

pn
t

)
|g1p1; . . . ; gnpn〉〈g1p1; . . . ; gnpn|

describes the volume associated to a node of a spin network.

p1

p2pN

...

Vn(p1, . . . , pN) is the volume spanned by the vectors {pi}

V3(p1, p2, p3) =

√
2

3

√
|p1 · (p2 × p3)|

V4(p1, p2, p3, p4): See [Haggard, arXiv:1211.7311]

A similar volume operator is constructed in [Bianchi, Donà, Speziale, arXiv:1009.3402]

Ilkka Mäkinen Coherent state operators in LQG February 20, 2015 17 / 20



Volume operator

The operator
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Volume operator: Action on spin networks

ÂV3

∣∣∣∣∣
j1 j2

j3

〉
= v(j1, j2, j3)

∣∣∣∣∣
j1 j2

j3

〉

v(j1, j2, j3) = e−t(j1(j1+1)+j2(j2+1)+j3(j3+1))
∫

dν(p1, p2, p3)

√∣∣∣p1
t
·
(p2

t
×

p3

t

)∣∣∣
×
(

j1 j2 j3
m1 m2 m3

)
D

(j1)
m1n1 (e

p1·σ)D
(j2)
m2n2 (e

p2·σ)D
(j3)
m3n3 (e

p3·σ)

(
j1 j2 j3
n1 n2 n3

)

〈 j1 j2

k

j3 j4

∣∣∣∣∣ÂV4

∣∣∣∣∣
j1 j2

l

j3 j4

〉

=

∫
dν(p1, p2, p3, p4)V (p1, p2, p3, p4)Fkl(p1, p2, p3, p4)
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Conclusions, open questions

These operators seem to give semiclassical approximations to the
fundamental operators. What can this be used for?

Which coherent states are ideal for this construction?

How to improve the geometric operators?

What is the proper way to treat gauge invariance?
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Thank You!
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