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PLAN OF THE TALK

Twisted Geometry

Spin connection for twisted geometry

Interpolation

Which interpolation?

Geometrical interpretation

s twisting related to torsion?
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CLASSICALVS CONTINUQOUS

Exact quantum gravity General relativity

transition amplitudes — Hamilton function
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Classical limit .

No critical point Regime of validity of the expansion:
No infinite renormalization 1
Physical scale: Planck length Lpimer < L < \/;
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twisted geometry
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By a twisted geometry we mean: an oriented 3d simplicial complex (a triangulation) 7,
equipped with a flat metric on each 3-simplex (which makes it a flat tetrahedron)

For any two tetrahedra sharing a face the area of the face is the same

whether It is computed from the metric on one side or the other.

Regge geometry: impose to the length of the edges to be the same.

In a twisted geometry two adjacent triangles have the same area

and the same normal, but the angles and the edge lengths can differ.

The two triangles can be identified => discontinuity of the metric across the triangle
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ASSIGNING GEOMETRIES TO STATES

Freidel Speziale 2010
Rovelli, Speziale 2010

Loop gravity on a fixed graph describes a truncation of general relativity.
The variables capture only a finite number of the degrees of freedom of the metric.

There Is no unique geometric interpretation associated to a single graph.

“Interpolating” geometries are not strictly needed for the physical interpretation of the
theory, but provide useful approximations of a continuous geometry.
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data set polynomial piecewise linear piecewise flat
(mode expansion) (Regge geometries) (twisted geometries for

generic holonomy-fluxes)
discontinuous

A twisted geometry is a specific choice of “interpolating geometry”, chosen among
discontinuous metrics. To any graph and any holonomy-flux configuration, we can associate a
twisted geometry: a discrete discontinuous geometry on a cellular decomposition space

into polyhedra.
The phase space of LQG on a graph can be visualized not only in terms of holonomies

and fluxes, but also in terms of a simple geometrical picture of adjacent flat polyhedra.
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http://arxiv.org/pdf/1005.2927
http://arxiv.org/pdf/1005.2927
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twistor space

l area matching
OopenO twisted geometry— SU(2) LQG

l closure l Gauss law
OclosedO twisted geometry—>  gauge-inv LQG

l shape matching

Regge phase space
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the connection
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g THE THEORY

OopenO twisted geometry— SU(2) LQG
l closure 1 Gauss law

OclosedO twisted geometry—>  gauge-inv LQG

E => flux operators define the 3d geometry

A => holonomy operators define the SU(2) connection

independent: 4 not chosen to be compatible with £

Ashtekar-Barbero connection: A = lgE] + 1K

spin connection  extrinsic curvature
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CARTAN STRUCTURE EQUATION

The spin connection is determined by — dé + "'y # ! €= T orsion

What can we carry in a discrete setting, I.e. twisted geometry!

2 tets that meet along one face: opposite normals, same face area, different face shape

The metric is discontinuous across the triangle!
no Cartan equation

I cannot be defined let alone the Ashtekar Barbero decomposition
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CARTAN STRUCTURE EQUATION

The spin connection is determined by — dé + "y # | € =0

What can we carry in a discrete setting, I.e. twisted geometry!

2 tets that meet along one face: opposite normals, same face area, different face shape

The metric is discontinuous across the triangle!
no Cartan equation

I cannot be defined let alone the Ashtekar Barbero decomposition
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Interpolated connection
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AN EXPLICIT CONSTRUCTION OF !

|dea:
introduce interpolating geometry
calculate connection and holonomy

removing the interpolation by taking® — 0

z=[0,"]
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left right

dx’ e' = e dx + e/ dy
e* = e2dx + ezdy
e’ = dz
z#[0," ]

area matching:  dete = 1.

-
e, €, 0
linear transformation that matches shapes: e = {e’,} = | €2 e% 0
0 0 1

SL(2,R) upper block diagonal subgroup of SL(3,R)

extend the definition of @ to €(z):  e0) =1 on the left
e(" ) =e on the right
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INTERPOLATION

Guiding principle: the resulting holonomy must transform as an holonomy
under a change of frame on either tetrahedron

U(#Se#; 1) — #SU(E)#L 1 for every As,At # SO(S)
/dea: interpolate using the Lie algebra of s/(3,R)

A matrix M € SL(3,R) can be always written as
M=PU =UP=e”eS polar decomposition: e= e'e’

posit/ve> u@ry antisymmet% Qﬁymmetric

Interpolation: e(z) = e e(z) ! SL(2,R) " SL(3,R)

Cartan equation:  de' = (A + eZASe_ZA)ij dz! ¢
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THE INTERPOLATED CONNECTION

[t is convenient to lower an index and antisymmetrize: #ij = Sk #X

The solution of the Cartan equationis: ' =B'; €

| . 1 i

2

The holonomy across " isgivenby U = Pe! fv! = Pe! j;) ' (M2)dz
Notice that B | ok diagonal: 1 K(",) = ki A

otice that B is upper block diagonal: 12 (",) = 5 i
The holonomy is just the rotation part of the polar decomposition: U=expA
Distributional torsionless spin connection: " = —Ad$
Whel”e T (0-1, 0-2) |_> 5130’(0') : n Xb n XC

d$.(x) &  d*% X %X
%( ) | ll0/01 ||0/02 #abC 8( (4))
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a function of the normals
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CONNECTION AS A FUNCTION OF THE NORMALS

U=e” explicitly written in terms of the tetrads is U(e) = (e e)! 172

L L . 1
Explicit characterization: solve U given the normals to the tetrahedral Ny = 5 Vo
A tetrahedron is completely define by a triplet of vectors: v, ! R3,a=1,23.
inear coordinates: Metric: ) A

_ _ _ Vian V1| vidv, O
A% 1 : (2,0,0) a = |'V1|, b= el g= $ VléVZ |V2|2 O&

YZ = (b.c0) _ valPlval? % (vidro)? 0) 0) 1
n3 = (0,0,1) C = V1] '
The triad in this metricis € = VildX + vizdy + ('l')li?,dz ,
| " aa 00
SL(3, R) matrix that transforms %eft in Yright: s={ea(¢ N} =% (be%ch/ ae cle 0&
0) 0 1

| a00

e={e,}=% b co&
001 Spin connection:
cos()=(ca+ ae)/\ D, sin('?:(be%c"ﬁ)/\ 5 | = | e(ﬁg) du
D = €%(a? + ) + (8 + ) + 2 ce(aa % bb).
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curvature
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S CURVATURE

Proposition:  If the twisted geometry is Regge, then the holonomy of I on a path around a bone,
s a rotation around the the bone by an angle equal to the Regge deficit angle.

The spin connection reduces nicely to the Regge one, if shape matching is imposed.

U=U U , aad@ U,

. . : : b = €5 € . 1%
Fi = dei & &4 =22 Fi [w(e)] = 2 &’ Reaplg(e)] dx® " o’
In general, the curvature in twisted geometry is not of the Regge form Rgpeq ~ g#favel™ ¢ |

't may be possible to characterize what Petrov classes are possible in a twisted geometry
and to see If they are more general than the single class that Regge geometry captures.
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conclusions
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mm CONCLUSIONS

Two confusions:

Twisting does not encode torsion.
We can define a torsionless connection in a twisted geometry.

The twisting Is purely metricall

No need to suppress twisting :-)
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thank you!

Radboud University Nijmegen § %y
1‘«._.‘.,\"\



