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Background-independent quantum field theory

Minimally coupled matter fields

S(gr) + S(cosm) + S(φ) + S(A) + ... = 1
κ

∫
M

d4x
√
−gR+

− Λ
κ

∫
M

d4x
√
−g+

+ 1
2λ

∫
M

d4x
√
−g
(
gµν(∂µφ)(∂νφ)− V (φ)

)
+

− 1
4Q2

∫
M

d4x
√
−ggµνgρσF IµρF

I
νσ+

+ ...
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Gravitational field: Ashtekar variables

Introducing the Ashtekar variables:

Aia = Γia + γKia, E a
i = √q e ai ,{

Aia(t, ~x), Ebj (t, ~y)
}

= γ
κ

2 δ
b
aδ
i
jδ

(3)(~x− ~y),

one obtains the total Hamiltonian:

H(gr) = 1
κ

∫
d3xN

(
AitG

(gr)
i +NaV(gr)

a +NH(gr)
sc
)
,

where the scalar constraint density is given by the formula:

H(gr)
sc = 1

κ

∫
d3x

1
√
q

(
F iab − (γ2 + 1)εilmKlaKmb

)
εijkE a

j E
b
k .
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Gravitational field: canonical variables and the Hilbert space

Holonomies of Ashtekar-Barbero connections and fluxes of densitized triads:

hγ = P exp
(∫

γ

Aja(γ(s))τ j γ̇a(s)
)
, Ej(S) = εpqr

∫
S⊥lp(v)
dlq dlrEpj (v)

The kinematical Hilbert space is defined as:

H(gr)
kin :=

⊕
Γ

H(gr)
Γ = L2

(
A, dµAL

)
,

while the states are cylindrical functions of all links li ∈ Γ and they are defined as
ΨΓ,f (A) := 〈A|Γ, f〉 := f

(
hl1(A), hl2(A), ..., hlL(A)

)
for f : SU(2)L −→ C.

The basis states are called spin network states and are given by the expression:

ΨΓ,jl,iv (h) = 〈h|{Γ, jl, iv}〉 =
∏
v∈Γ

iv ·
∏
l

Djl(hl).

The action of the canonical operators reads:

ĥγD
jl(hl) = hγD

jl(hl), ÊiD
jl(hl) = ~γ κ2σ(S, γ)Djl(hl1)τiDjl(hl2).
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Scalar field: classical Hamiltonian and discretization

Hamiltonian of the scalar field:

H(φ) =
∫

Σt

d3x

[
Naπ∂aφ+N

(
λ

2√q π
2 +
√
q

2λ q
ab∂aφ∂bφ+

√
q

2λ V (φ)
)]

Single-point states:

|v;Uπ〉 := eiπvφv

〈w;Uπ|v;Uπ′〉 := δw,vδπ,π′

Action of diffeomorphism:
ϕ∗|v;Uπ〉 = |ϕ(v);Uπ〉

Canonical Poisson brackets:{
φ(x),Π(y)

}
= χε(x, y), Π(v) :=

∫
d3uχε(v, u)π(u)

Action of basic operators:

eiπwφ̂w |v;Uψ〉 = eiπwφw |v;Uπ〉 = |v ∪ w;Uπ〉

Π̂(v) |v;Uπ〉 = −i~ ∂

∂φ(v) |v;Uπ〉 = ~πv |v;Uπ〉

Jakub Bilski (Fudan University) Coupling matter to QRLG February 17th, 2017 6 / 22



Scalar field: canonical variables and the Hilbert space

Kinematical Hilbert space:

H(φ)
kin =

{
a1Uπ1 + ...+ anUπn : ai ∈ C, n ∈ N, πi ∈ R

}
Uπ := e

i
∑

v∈Σ
πvφv := |Γ;Uπ〉

〈Γ;Uπ|Γ;Uπ′〉 := δπ,π′

H(φ)
kin := L2

(
R̄Bohr

Σ) is obtained from the single-point one L2
(
R̄Bohr

)
,

where the Bohr measure is defined as follows:∫
R̄Bohr

dµBohr(φ)eiπvφv = δ0,v

Basic variables:

Ûπ |Γ;Uπ′〉 = |Γ;Uπ+π′〉 , Π̂(V ) |Γ;Uπ〉 = ~
∑
v∈V

πv |Γ;Uπ〉
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Gauge field: canonical variables and the total Hilbert space

Hamiltonian of the gauge field:

H(A) =
∫

Σt

d3x

(
−AItDaE

a
I +NaF IabE

b
I +N

Q2

2√q qab
(
EaIE

b
I +BaIB

b
I

))
Natural lattice representation: fluxes and holonomies

EI(S
p) ≈ ε2EaI (v) δpa, εpqr tr

(
τ Ihq	r

(
∆(v)

))
≈ Q2 ε

2BaI (v)
V(v, ε) δpa ,

where the expansion hq	r = 1 + 1
2ε

2F qr +O(ε4) has been applied.

The phase space variables:

hγ = P exp
(∫

γ

AIa
(
γ(s)

)
τ I γ̇a(s)

)
, EI(S

p) = εpqr

∫
S⊥lp(v)
dlq dlrEpI(v)

Total kinematical Hilbert space:

H(tot)
kin = H(gr)

kin ⊗H
(φ)
kin⊗H

(A)
kin
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Thiemann’s method: lattice-regularization

Thiemann’s trick:
1
Eai

(√
q
)n = 2

n

δVn

δEai
= 4
nγκ

{
Aia,Vn

}
, Kia = δK

δEai
= 2
γκ

{
Aia,K

}

Example: gravitational part of the Hamiltonian constraint

H(gr)
sc = 1

κ
lim
ε→0

1
ε3

∫
d3xNεabc

(
23

γκ
tr
(
ha	b h

−1
lc

{
V, hlc

})
+

− 25(γ2 + 1)
γ3κ3 tr

(
h−1
la

{
K, hla

}
h−1
lb

{
K, hlb

}
h−1
lc

{
V, hlc

}))
,

where Fab = F jabτj , Aa = Aiaτi, τ j = − i
2σ

j and K =
∫
d3xKiaEai .

Canonical quantization: { , } → 1
i~ [ , ], canonical variables → operators
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Set of “basic operators”

V̂v |Γ; jl, iv〉

tr
(
ĥp	q ĥ

−1
r V̂v ĥr

)
|Γ; jl, iv〉

tr
(
ĥ−1
p K̂v ĥp ĥ−1

q K̂v ĥq ĥ−1
r V̂v ĥr

)
|Γ; jl, iv〉

tr
(
τ iĥ−1

p V̂n
v ĥp

)
|Γ; jl, iv〉

Π̂(v) |Γ;Uπ〉

ei(φ̂v+~ep−φ̂v) − ei(φ̂v−φ̂v−~ep )

2i |Γ;Uπ〉

ÊI |Γ;nl, iv〉

tr
(
τ I ĥq	r

)
|Γ;nl, iv〉

Introducing fermions makes connection torsion-dependent! (M. Bojowald and R. Das ‘08)
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Alesci-Cianfrani’s method: reduction

Canonical variables in the diagonal gauge:

Aia = 1
l0
c(i)δ

i
a, Eai = 1

l20
p(i)δia

Cuboidal lattice:
Γ −→ ΓR

Reduced group elements:

Dj
mn(hl) −→ Dj

m±jl(ul)
lDjl
mlml(hl) (D−1)j±jl n(ul), hl ∈ SU(2),

where the projected Wigner matrices (SU(2)→ U(1)) read:
lDjl
mlml(hl) = (D−1)j±jlm′(ul)D

j
m′ n′(hl)D

j
n′ ±jl

(ul) =
〈
ml, ~ul

∣∣Djl(hl)
∣∣ml, ~ul

〉
.

The basis element of the Hilbert space after gauge-fixing:

jl
hl

jl 〈jl,m|ml, ~ul〉
〈
ml, ~ul

∣∣Djl(hl)
∣∣ml, ~ul

〉 〈
ml, ~ul

∣∣jl,m′〉 , ml = ±jl.
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Alesci-Cianfrani’s method: Quantum Reduced Loop Gravity

The kinematical Hilbert space:

RH(gr)
kin :=

⊕
Γ

RH(gr)
Γ .

Reduced states are given by the formula:

RΨΓ,ml,iv (h) = 〈h|{Γ,ml, iv}〉 =
∏
v∈Γ

〈jl, iv|ml, ~ul〉 ·
∏
l

lDjl
mlml(hl), ml = ±jl,

where 〈jl, iv|ml, ~ul〉 are reduced (one-dimensional) intertwiners.

The scalar product between reduced intertwiners is given by:〈
Γ,ml, iv

∣∣Γ′,m′l, i′v〉 = δΓ,Γ′
∏
v∈Γ

∏
l∈Γ

δml,m′l
〈ml, ~ul|jl, iv〉

〈
jl, i
′
v

∣∣ml, ~ul
〉
.
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Illustration of a basic cell state: “a spider state”

|Γ; jl, iv;nl, iv;Uπ〉R = |Γ; jl, iv〉R ⊗ |Γ;nl, iv〉R ⊗ |Γ;Uπ〉R =

=

∣∣∣∣
j
(2)
x,y−1,z

n
(2)
x,y−1,z

h
(2)
x,y-1,z

h
(2)
x,y-1,z

j
(2)
x,y−1,z

n
(2)
x,y−1,z

j
(2)
x,y,z

n
(2)
x,y,z

h
(2)
x,y,z

h
(2)
x,y,z

j
(2)
x,y,z

n
(2)
x,y,z

j
(3)
x,y,z n

(3)
x,y,z

h
(3)
x,y,z h

(3)
x,y,z

j
(3)
x,y,z n

(3)
x,y,z

j
(3)
x,y,z−1 n

(3)
x,y,z−1

x direction
�

−x direction
⊗

eiπx,y,z+1φx,y,z+1

eiπx,y,z+1φx,y,z+1 eiπx,y,z+1φx,y,z+1 eiπx,y,z+1φx,y,z+1
〉

Jakub Bilski (Fudan University) Coupling matter to QRLG February 17th, 2017 13 / 22



Set of “basic operators” in the reduced case

RV̂ |Γ; jl, iv〉R

tr
(Rĥi	j

Rĥ−1
k

RV̂ Rĥk
)
|Γ; jl, iv〉R

tr
(
τ i Rĥ−1

j
RV̂n Rĥj

)
|Γ; jl, iv〉R

Π̂(v) |Γ;Uπ〉

ei(φ̂v+~ei−φ̂v) − ei(φ̂v−φ̂v−~ei )

2i |Γ;Uπ〉

ÊI |Γ;nl, iv〉

tr
(
τ I ĥj	k

)
|Γ;nl, iv〉

Introducing fermions does not modify the Ashtekar-Barbero connection!
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Hamiltonian constraint for quantum-gravitational scalar electrodynamics

Scalar constraint operator:

Ĥsc|Γ; jl, iv;nl, iv;Uπ〉R=
(
Ĥ(gr)
sc +Ĥ(Λ)+Ĥ(A)

E +Ĥ(A)
B +Ĥ(φ)

kin+Ĥ
(φ)
der+Ĥ

(φ)
pot

)
|Γ; jl, iv;nl, iv;Uπ〉R

Action in a form containing gravitational eigenvalues and matter operators:

Ĥsc|Γ; jl, iv;nl, iv;Uπ〉R =
∑
v

NvĤv,sc|Γ; jl, iv;nl, iv;Uπ〉R

Volume operator

V̂n(vx,y,z) |Γ; jl, iv〉R = Vn
vx,y,z |Γ; jl, iv〉R =

((
8πγl2P

)3 Σ(1)
vx,y,z Σ(2)

vx,y,z Σ(3)
vx,y,z

)n
2
|Γ; jl, iv〉R ,

where Σ(i)
v := 1

2

(
j

(i)
v + j

(i)
v−~ei

)
denotes the mean value of the spin along a direction i.

J(i),n
v = 1

8γπl2P

[(
1− 1

2
(
j

(i)
v + j

(i)
v−~ei

))n−(1 + 1
2
(
j

(i)
v + j

(i)
v−~ei

))n]
j’s denote the quantum numbers around which semiclassical states are peaked,
pi(v) ε2 = 8πγl2PΣ(i)

v
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Hamiltonian constraint for quantum-gravitational scalar electrodynamics

Ĥv,sc = − i

23κγ2
(
8πγl2P

) 3∑
i=1

∑
{li⊥lj⊥lk}

εijk tr
(
ĥli	lj ĥ

−1
lk

V̂ ĥlk
)

+ ΛVv

κ
+

+ 25 Q2 Vv

3∑
i=1

(
J(i), 14
v

)2(
ÊI
(
Si(v)

))2
+

+ 25

Q2 Vv

3∑
i=1

(
J(i), 14
v

)2 ∑
{lj ,lk}⊥i

∑
{ll,lm}⊥i

εijkεilm ĥlj	lk (v) ĥll	lm(v) +

+ 217λV3
v

(
J(x), 14
v J(y), 14

v J(z), 14
v

)2
Π̂2
v +

+ 215 V3
v

34λ

[(
J(y), 38
v J(z), 38

v
ei(φ̂v−φ̂v−~ex )− ei(φ̂v+~ex−φ̂v)

2i

)2

+
(
x→ y
y → z
z → x

)
+
(
x→ z
y → x
z → y

)]
+

+ Vv

2λ V̂
(
φv
)
+

+ scalar-electrodynamical interactions
Classical-continuum (large-j) limit precisely coincides with the classical expression!
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Hamiltonian constraint for quantum-gravitational scalar electrodynamics

Picture of the QRLG action from: E. Alesci and F. Cianfrani, Int. J. Mod. Phys. D 25, no. 08, 1642005 (2016).
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Lattice (constructional) and quantum corrections

Lattice (regulator-dependent) corrections:
- gravitational, e.g.

hp
(
∆(v)

)
= 1 + εAp(v) +O(ε2), hq	r

(
∆(v)

)
= 1 + 1

2ε
2Fqr(v) +O(ε4),

-matter field, e.g.

∂pφ(v) ≈ 1
ε

ei(φv+~ep−φv) − ei(φv−φv−~ep )

2i ,

Quantum (lattice length-dependent) corrections:
-large-j expansion:

J(i),n
v = − n

8γπl2P
(
j

(i)
v + j

(i)
v−~ei

)[1 + (n− 2)(n− 1)
24
(
j

(i)
v + j

(i)
v−~ei

)2 +O

(
1(

j
(i)
v + j

(i)
v−~ei

)4
)]

-loop term (reduced connections c) corrections
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Semiclassical results

Semiclassical states:∣∣Γ̄N ; j̄l
〉
R

=
∑
ml

N∏
v∈Γ

〈jl, iv|ml, ~ul〉∗
∏
l∈Γ

(
(2jl+1)e−jl(jl+1)α2 eiclmleαΣ(i)ml

)
〈h|{Γ,ml, iv}〉

| 〉R =
∣∣Γ̄N ; j̄l; n̄l; Ūπ

〉
R

R〈 | Ĥsc| 〉R =
∫
d3xN

√
q

[
− 2
γ2κ

3∑
i=1

1
|p(i)|

c1c2c3
c(i)

(
1 +O

(
l4P
p2

)
+O

(
c2
))

+ Λ
κ

+

(
3∑
i=1

q(i)(i)
[
Q2

2

(
E

(i)
I√
q

)2

+ 1
8Q2

(
ε(i)jkF Ijk

)2
+ 1

2λ
(
∂(i)φ)

)2]+ λ

2

(
πφ√
q

)2
)
×

×

(
1 +O

(
l4P
p2

))
+ 1

2λ V (φ)

]

Continuum limit correspondence:
∣∣p(i)

∣∣ = l20

√∣∣ q
q(i)(i)

∣∣ , ∣∣c(i)∣∣ = γl0K(i)
(i) = γl0

2N
˙√
|q(i)(i)|
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Objectives of the matter coupling program

(matt) = (A) - we expect the same result, defining new representation at least for
scalar fields; fermions?

R〈 | Ĥsc| 〉R =
3∑
i=1

[(
1 + 3(γπ)2 l4P

(p(i))2 −
1
6
∑
j 6=i

(
c(j)
)2)

H
(gr)
i +

+
(

1 + 7
2(γπ)2 l4P

(p(i))2

)
H

(matt)
i +

(
1 + C(int)(γπ)2 l4P

(p(i))2

)
H

(int)
i

]

Normalization: H̄i = R〈 |Ĥsc i| 〉R
1+ 7

2 (γπ)2l4
P
/(p(i))2 for Ĥsc =

∑3
i=1 Ĥsc i

Effective Hamiltonian:

H̄i = H
(matt)
i +

1 + C(int)π2l4P
γ2

l40

q(ii)
q

1 + 7
2π

2l4P
γ2

l40

q(ii)
q

H
(int)
i +

1 + 3π2l4P
γ2

l40

q(ii)
q
− 1

6
∑

j 6=i γ
2l20
(
K(j)

(j)

)2
1 + 7

2π
2l4P

γ2

l40

q(ii)
q

H
(gr)
i
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Conclusions and open problems

Conclusions
1 QRLG allows to construct diffeomorphism invariant matter field theories
2 matrix elements of matter field Hamiltonian constraint are analytic
3 large-j limit approach the classical Hamiltonian at the leading order

and gives convergent series of next-to-the-leading-order quantum corrections

Open problems
1 construction of coherent states for matter fields
2 ambiguity in construction of discrete representations for matter fields
3 different powers of gravitational corrections (representation dependent)
4 studies of phenomenological applications
5 fermion field coupling
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