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Background-independent quantum field theory

Minimally coupled matter fields
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Gravitational field: Ashtekar variables

Introducing the Ashtekar variables:
Aia = Fia + ’VKiav Eia = \/561'&7
i — — R 7 — —
{460.2), B} (t.9)} = 15020;6(@ — ),
one obtains the total Hamiltonian:
7O = % / &Pz N(AIGE + N*VE 4+ NHED),

where the scalar constraint density is given by the formula:

- 1 1 i m\ ij a
HE = / @2 22 (Fip = (0 + DeanK'aK'3) 7 B .
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Gravitational field: canonical variables and the Hilbert space

Holonomies of Ashtekar-Barbero connections and fluxes of densitized triads:
hy = Pexp (/Ai(W(S))Tj“’V“(S)) ERAOES qur/ dl* di" E7 (v)
¥ SLiP(v)

The kinematical Hilbert space is defined as:

M) = @H(QT L (A, dpar),

while the states are cylindrical functions of all links I* € T' and they are defined as

Ur 1(A) == (AT, f) := f(hn(A), h2(A), ..., by (A)) for f: SU(2)" — €.

The basis states are called spin network states and are given by the expression:

r i, (B) = (WL, ji, 00 }) = sz HD“ (h).

vel

The action of the canonical operators reads:

ho D7 (ha) = o D (), BiD™ () = by 5.0(S,7) D7 (u, )7 D™ (huy ).

Jakub Bilski (Fudan University) Coupling matter to QRLG February 17°



Scalar field: classical Hamiltonian and discretization

Hamiltonian of the scalar field:

@) _ a A i ab Ve
H _/Eizﬁ‘ [N 7r3a¢+N(2f7r + 0apOpd + 2/\V(¢))]

Single-point states:
o3 Ur) 1= el
(w; Ur|0; Unr ) := 6,005,

Action of diffeomorphism:

@"v; Un) = l(v); Un)
Canonical Poisson brackets:

{600 1100} = o), TI0) = [ o))
Action of basic operators:
eimwdu |o; Uy) = ™% |v; Ur) = |v Uw; Ur)

o L0 ) _ )
II(v) |v; Ur) = —zhm |v; Ur) = by |0; Ux)
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Scalar field: canonical variables and the Hilbert space

Kinematical Hilbert space:

HP) — {alU7r1 +..t+anUsx,: a; €C,ne N, m € IR}

kin

Uy == eizvez by IT; Ux)
<F7 U7T|F7 U7'r’> = 5‘rr,7'r/

kin

where the Bohr measure is defined as follows:

/ duBohr(qf))em“% = d0,v
R

Bohr

H<¢) = Lo (]I_{Bohrz) is obtained from the single-point one Lo (]RBohr),

Basic variables:

Un |03 Unr) = |03 Up i), TU(V)|T5U) =By [T3Ux)
veV
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Gauge field: canonical variables and the total Hilbert space

Hamiltonian of the gauge field:
(A) 3 I a a I b Q2 a b a b
H'Y = [d*z| — A/ D,E] + N"F,,E] + Nﬁqab (E{E + B BY)
= q

Natural lattice representation: fluxes and holonomies

t

2€” B (v)

v
V(v,¢) 0a

(8" % L) @ (zihye, (5W) =@
where the expansion k., =1+ %62Eqr + O(e*) has been applied.

The phase space variables:

h, ="Pexp (/ A, (7(8))711"(8)) , Eg(87) = qur/ dl* di” £ (v)
5 SLIP(v)
Total kinematical Hilbert space:

H(tOt) — H(gr) ® H(¢) ® H(ﬁ)

kin kin kin kin
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Thiemann's method: lattice-regularization

Thiemann’s trick:

1 n 245V" i s i _
fg(ﬁ)zggEg—m{AavV} Ka 5Ea—*{A K}

Example: gravitational part of the Hamiltonian constraint
(g'r) 3 abe 23 -1
H Lim L = [z Ne® [ = tr( hacp hpe' {V, hue } )+
Kes0€ YK
2°(v* +1) -1 -1 -1
- Wtr(hla {K, hua } b {K, hyp } 0 {V, hlc}> :

where Fop = F?y7j, Ag = Ai7i, 77 = —£07 and K = [d*zK, E}.

Canonical quantization: { , } — =-[, ], canonical variables — operators
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Set of “basic operators”

Vv |F7]la 7’1}>
tr(ﬁpoq hit v, flr) |T; i, i)

tr<}3;1 Ko hp by ' Ko hg iyt V, izr) IT; 1, i)

tr(Tiﬁ;1Vf ﬁp> IT; 41, 0)

I1(v) [T Ux)

21
EI T my,1,)

tl‘(zlﬁqu) |Paﬂl7lv>

Introducing fermions makes connection torsion-dependent! (M. Bojowald and R. Das ‘08)
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Alesci-Cianfrani's method: reduction

Canonical variables in the diagonal gauge:

) 1 ) 1 /i
Ay = ewbe, Bl = 59",
a loc( ) lgp

Cuboidal lattice:
I' — Ir
Reduced group elements:
Dinn(i) — Dy (w) Dty () (D™, (w), b€ SU(2),
where the projected Wigner matrices (SU(2) — U(1)) read:

ZDZ}”ml () = (Dil)ijl e (U2) Dfn/ () D?, 4, (w) = <mz,ﬁl’Djl (hz)|mz,ﬁl>-

The basis element of the Hilbert space after gauge-fixing:

2 '_@—' e (oo mlma, @) (s, @| D2 () |, @) (s @i m”) - e = i
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Alesci-Cianfrani's method: Quantum Reduced Loop Gravity

The kinematical Hilbert space:

) = .

kin
I

Reduced states are given by the formula:

U i (B) = (D, }) = [T G dolms @) - [ ] Dok, (he), 7 = £,

vel l

where (ji,4v|m, @) are reduced (one-dimensional) intertwiners.

The scalar product between reduced intertwiners is given by:

(iU miy i) = or e [T ] miimy (s iliv, o) (G, i

vel' lel

ml,ﬂ’l>.
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[llustration of a basic cell state: “a spider state”

IT5 gty 03 15 85 Un ) = |05 15 0)g @ T 1,805 ® T3 Un )y =
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Set of “basic operators” in the reduced case

VDS e, i)

tr (Ribioj Rilgl Y Ribk) T e, iv>R

tr (7' Bhy VT Rhy) Ty ),
T(v) [T; Ux)

e (Bute; —dv) _ Li(dv—du_¢;)
U
% T Ur)

EI |F7Hl’lv>

tr (I[ﬁjok) ‘F§ n;, L,)

Introducing fermions does not modify the Ashtekar-Barbero connection!
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Hamiltonian constraint for quantum-gravitational scalar electrodynamics

Scalar constraint operator:
Fe T i g 3 U= (B2 B O B B B0 B AL iy 1, U

Action in a form containing gravitational eigenvalues and matter operators:

FISC|F§.7.17 Toj Ny, By Uﬂ'>R = ZNvﬁIv,SC|F§jla Toj Ny, By U7r>R

v

Volume operator

V'™ (Va,,2) [T s o)y = Vi, T i) = ((8ml?a) DL Eii),y,z) T3 b io)g »

where 25}') = é(jgi) + 57261) denotes the mean value of the spin along a direction i.
n n
; 1 1 1
Jn — 1-— - - 14+ ———7F—
T 8yl 2(357 +5,.) 2(5 + 59

j’s denote the quantum numbers around which semiclassical states are peaked,
p'(v)e? = 8mypxnY
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Hamiltonian constraint for quantum-gravitational scalar electrodynamics

Hype = — Z > e e (b Vi) +

3 2
23Kky? 87T’yl P TRIS

3
LIN2 ] 2
+2Q*V, Y (3 (E(5'@)) +
i=1
2° : (i), 12 ijk ilm 3 o
L) SRS DRI I ETI
=1

{13,0k} Ls {1tamy L4

z),1 1 (2),1\2 .
+2 AV (3 )

215 V3 3 3 i(‘i’v*q;v—é’m) — i<qgv+€m7q3“) 2 T =y T2
+ v Jq()y)ﬁs‘]gf)’se ‘e +(y—>z>+(y—>x> +
34A 2’L z =T z =y

V,
+ oy V(o) +

+ scalar-electrodynamical interactions

Classical-continuum (large-7) limit precisely coincides with the classical expression!
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Hamiltonian constraint for quantum-gravitational scalar electrodynamics

Tr [;L(,,JL;SIV]AL“] [T, j1, %) =

=@mip*? Y > Vil i G + ) swcy

niph ez =t p=tg

) ,
ndey tib

Picture of the QRLG action from: E. Alesci and F. Cianfrani, Int. J. Mod. Phys. D 25, no. 08, 1642005 (2016).




Lattice (constructional) and quantum corrections

Lattice (regulator-dependent) corrections:
- gravitational, e.g.

hp(A@) =14 £4,(0) + OE),  hor(A@)) = 1+ 36 Fin(v) + O(*),

-matter field, e.g. _ _
1 el(¢v+5p*¢v) _ el(%*%fap)

8P¢(U) ~ - 2% )

™

Quantum (lattice length-dependent) corrections:
-large-j expansion:

87#12( (z)+J(z) ) 24( z)+ (z) )2 ( <z)+J(z) )4

-loop term (reduced connections ¢) corrections
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Semiclassical results

Semiclassical states:

N
|fN§3l>R = Z H(jl,iv|ml,ﬁz>* H((2jl+1)esz(jz+l)%eiczmz eaz(nmz) (h{T, mu,in})

m; vel ler

|0 = [T dis s Une )

3
7Y = [d? 2 1 cescs le 2 A
R(|Hsc|>R—/da:N\/§l W%le(m o <1+(’)<p2 +0(*) |+

_ () _ ol y
=Ky = 33 /lga0 |

Continuum limit correspondence: ’ p®

=i\ /15 ] fem
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Objectives of the matter coupling program

(matt) — (4) _ we expect the same result, defining new representation at least for

scalar fields; fermions?

3
2 2 l‘}g 1 (gr)
i=1 G
+(1+ Z(,yﬂ_)Q l;l) H(matt) + {1+ C('Lnt) (’Yﬂ') l4 H(znt)
2 (p")2 )" (p)?
.. & Hye i A 3 A
Normalization: H; = % for Hee = >, | Heci
Effective Hamiltonian:
(mt) 274 ~2 4G 274 v2 9G) 1 2 (7)
H = H(matt)+ +C l2 0 H(lnt)+ 14 3m ZPT)( q 6 %j#i lo (K(])) H(gr)
i i a3 9 i
1+7 2[;13;/4 (q) 1+7 2131374 (q)
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Conclusions and open problems

@ QRLG allows to construct diffeomorphism invariant matter field theories

© matrix elements of matter field Hamiltonian constraint are analytic

@ large-j limit approach the classical Hamiltonian at the leading order
and gives convergent series of next-to-the-leading-order quantum corrections

Open problems

@ construction of coherent states for matter fields

@ ambiguity in construction of discrete representations for matter fields
@ different powers of gravitational corrections (representation dependent)
@ studies of phenomenological applications

@ fermion field coupling
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