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VICTORIAN MATHEMATICS I. BINARY QUANTICS

o Quadratic Va2 + 2y Yy + Yoy?
o Cubic, quartic, quintic, ...

@ sextic
Yo’ + 6912y + 15901t y? + 200353y + 150422y + 6¢539° + Yey®

o Roots <+ Points on CP! = S?, where [z,y] € CP.
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VICTORIAN MATHEMATICS II. CLASSICAL INVARIANTS

@ Linear transformation
x = azx + by, y = c + dy, ad — be # 0.
e GL(2,C) c GL(7,C)

Y(@,5) = v(,y) = tolad +b9)° + ...
= o2’ + - + Y.
e An invariant of a binary sextic is a polynomial I = I(¢y,...,1s) s. t.
I(&Oa s )11[;6) = (ad - bC)wI(ll)O, cee 71/}6)'

Quadratic: Zp = 7,/)12 — Yotpe. o = 0 < Repeated roots.
Sextic: To, 14,214,110 (discriminant), Tis

To(h) = 20othg — 129195 + 30a1p4 — 2003,

Question: What is special about sextics with Zo = 07

MACIEJ] DUNAJSKI, ROGER PENROSE QUARTICS, SEXTICS, AND BEYOND Tux, FEBRUARY 2016



INTERLUDE: JAMES JOSEPH SYLVESTER (1814-1897)

I discovered and developed the whole theory of canonical binary forms for
odd degrees, and, as far as yet made out, for even degrees too, at one
evening sitting, with a decanter of port wine to sustain nature’s flagging
energies, in a back office in Lincoln’s Inn Fields. The work was done, and
well done, but at the usual cost of racking thought - brain on fire, and feet
feeling, or feelingless, as if plunged in an ice pail. That night we slept no
more.

@ Junior Wrangler (St John's College, Cambridge 1837).
@ Actuary by day, mathematician by night.
@ Appointed to the Savilian Chair of Geometry at Oxford in 1883.
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CHARACTERISATION OF Zo =0

Assume that the sextic 1) is generic: it has six distinct roots.

Theorem (MD, Roger Penrose). Let X, X2, X3, X4 be four points on
a two—dimensional sphere such that the stereographic projection of one of
the roots of the sextic from any of these four points lies in the centroid of
the projections of the remaining five roots. Then Zy(¢») = 0 if and only if
the points X1, ..., X4 can be transformed into vertices of a regular
tetrahedron by a Mdbius transformation (if they are distinct), or if at least
three of these points coincide.
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OUTLINE OF THE PROOF: QUARTICS FROM SEXTICS

o Let Pi,..., P, € CP'. Notation: ) = PP, ... P} - quantic
determined (up to a multiple) by a position of its roots.

Py...PsPs=(Py...P5)Ps, 1 = r(quintic) x p(linear).
e Transvectant:

d=<K,p> = —— — —— (quartic)
= ozt + 46123y + 68022y? + 4032y> + day’.

o Calculate: —Ig(lb) = 12(5) = 20004 — 80103 + 6((52)2.

e Quartics 0 with Z3(d) = 0 are projectively equivalent to a regular
tetrahedron ( — y)(z — wy)(z — w?y)y, w> =1, or a pair of points
x3y, or four points z?.
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OUTLINE OF THE PROOF: APOLARITY

o V,, = Sym™(C?). Space of binary quantics of degree m.
@ Transvectant. <, >k Vip X Vi, = Vipan—ok.

k
(E\ 0k ok
= -1y’ L B -,
<Y > ]Z;( ) <]> Oxk—1 0yl Oz Oyk—i
e Quantics ¢ € V,, and ¢ € V,,, (m > n) are apolar if < ¢, ¢ >,= 0.
o k=P P,P3P,Ps and x = PsX; X; X;X; are apolar for each i. Pick 1,
and set X; = [0, 1] (north pole), and P; = [1, p;]. Find
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EXAMPLE: PENTAGONAL PYRAMID

e The multiplicities of the elements of § can depend on the choice of
the point Fs.

e Pentagonal pyramid with one root at co and Zo = 0.

Y= (z—y)(z-wy)(z —wy)(@—w’y)(z-w'y)y, where w’=1

e Ps = oo gives § = 2 which has one quadrupole root.
o Ps=1gives § = 2! + 623 + 62% + 62 + 6 = 0 with Z5(5) = 0.
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SEXTICS FROM QUINTICS

e Given five distinct points P, ..., P5 can one always find a distinct
point Pgs such that Zy(1)) = 0, where p = Py ... PsPg?

o Answer: No!

@ Proposition. All quintics with five distinct roots which can not be
extended to a sextic with Zy = 0 are projectively equivalent to a
square based pyramid.

o k=y(z* —y*). For any Ps find Zo(¢p) = 1/3.
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75 FOR GENERAL QUANTICS

n

v = 3 (e, Tw) =2 O<—1>"—’f(2>wwn_k.

k=0

e 7o, =0 if n is odd.

o Given an = {Pl, P, ... ,Pgn}, let 69,9 = {Xl, Xo, ... ,XQn_Q} be
the points s. t. the stereographic projection of P, from any X is
the centroid of the stereographic projections of Py, ..., Ps,_1. Then

To() =0 iff Ty(6) =0.

@ Algebraic characterisation: An even degree quantic ¢ € Vo, with
distinct roots is a sum of (2n)™ powers of its factors iff Zy(1)) = 0.

11/ 14
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INTERLUDE: ARTHUR CAYLEY (1821-1895)

Senior Wrangler (Trinity College, Cambridge 1842).
Lawyer by day, mathematician by night.

o Elected to the Salderian Chair of Pure Mathematics at Cambridge in
1863.

Tait on Cayley: Is it not a shame that such an outstanding man puts
his abilities to such entirely useless questions?
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Thank You!

ROGER PE



