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2013 M. Feigin, Lechtenfeld, Polychronakos:

The quantum angular Calogero—Moser model (spectra, eigenstates)
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n
. g(g—1)
A,,_1 Calogero Hamiltonian: H= ) {%(m—pu)z + (xu_x,/)Q}
u<v
Quantization: [z, pu] = (16, with pu,v=1,....,n

—2)(n—4
LY @22 =12 and 1Y (u-pn)? = p2 + LL2 4 (D=
u<v p<v

Introduce n—1 relative coordinates:
n—1
2= Y (Y2 , pi= Py » Lij = —i(y'pj —v'p)) . L? = =Y L3
i=1 i<
SL(2,R) conformal algebra generated by

—2)(n—4
H = %p% —|— (n 8)7556 ) —I— T%HQ , D = %(Tpr —|—p7«’l°) , K = %7“2




Angular Calogero Hamiltonian:

Ho = 3L°4U(@#) = C-i(n-1)(n-5) with C = KH+HK—3D?

U@ =2y 9(9_—1) — 2y 9(g—1) _ 9(92—1) S cos 26,

(v a2
OzER_|_ (Oé y) OzER+

Potential blows up on Weyl-chamber walls = particle trapped in (n—2)-simplex

Position representation: p; — —Ii0; — pr — —i(@“"‘%)

Hamiltonians:

o —%(83—#”70;2874) + LHg = w—l[_%(@%_ (n—Q)(n—4)) 4 T%HQ]’UJ

4 r2

' )2 g(g—1) . )
Ho — —% Z(yz j—y]&z) + 2 Z (o 1)2 with w=r"2
i<j aCRy Y




Radial-angular separation: e = 5q(g+n-3)
HY = EwW  with W = R(r)v(d) and Hov = v

wHuw Y = =307 + 515 (5-1)(5-2) + q (¢+n—3))
= 3R+ ha(ety1) (52
Add harmonic confining potential %erQ = E|6 = w (262 +q+ %) , /> € Ng

But harmonic Calogero spectrum is known:
E = w(20+30+...+nl+3in(n—1)g+ ") with £, €N

Comparison: /> is missing!
g = sn(n—1)g+/¢ where ¢ = 3/3+44l,+...4+nl, €Ny

Angular spectrum: ¢4 = %q (¢ +n—3) with generalized angular momentum q



Degeneracies: deg,,(eq) = pn(£)—pn({—1)—pp({—2)4+pn(/—3)

©.@) n
~1
Generating function: pn(t) == > pn() th = 11 (1—tm)
(=0

m=1

Degeneracies for n=3, 4 and 5:

(O for /=1.2mod3
deg-(¥) = X« ’
93( ) \1 for /= 0mod3
¢/ 0 for /=1.2.5mod 12
deg, (V) = —J s
94(£) 12 T {1 for ¢ = else mod 12
(0 for /= 2.22.26.46 60
6/2 + 72/ — 89 or , 22,26, 46 mod
degs (V) = { =50 J + (2 for /= 0,48 mod 60
|1 for /= else mod 60

Special cases g=0 and g=1 are free, but limits keep the infinite walls and deg’s



Angular eigenfunctions: Weyl reflections v,(9) (s,0) = e1m9 v,(9)(§)

-, — n 6
w(@ = v((@ ~ (] ou({D}) ") A7 2Tl
p=3
Vandermonde and Dunkl operators:

JANEE— H -y and = 0; — g Z
CKER+ CKER+

Relation with Dunkl-deformed Weyl-symmetric harmonic polynomials:
v D@ = r~ a9 with  H(ARD) =0
‘Dunklize’ angular momenta:

Lij = —(y'0;—y9) = Ly = —('Dj—y'Dy)
From ‘pre-Hamiltonians’ to Hamiltonians:
H=-33D7 and Hq = -3 L7 + 395050 (9 050 +n—3)
i i<j

H = res(H) and Ho = res(Hg) = res(ﬁz) + £,(/=0)



Conserved charges of order t:

C:(Li;) Weyl-invariant — Cy = res(C;) commutes with Ho

Maximal superintegrability: 9 2n—5 such charges (C> = Hg), but not in involution

Angular intertwiners of order s:

Ms(L;;)  Weyl-antiinvariant — Ms = res(Myg) intertwines with Hg
Since [L;;, H] = O we have:

[Ms,H] =0 — MS(Q)H(Q) = H(_Q)Ms(g) — H(9+1>MS(Q)
1
and M TwiL o Lyl
(Ms,Hql =0 — M§9)Hg(29) — Hg({g)MS(g) _ H§29+1)M5(9)

and M {Uég)} — {véﬁﬂﬁ_l)/z}



Algebra generated by {D;, v’} and Wey! reflections is a rational Cherednik algebra

Algebra generated by {£;;} and Weyl reflections is a subalgebra, containing Hg,

[Lij, Lrel = LySik — LinSie — LjeSir + L1xSie

—9 Sij for 7% 5

with S;; =
tJ {1 —|— gzk(yﬁz)szk for 1 = ]

[Sijs Lred =0, {8, L5} =0, Sl = LSy

It is a ‘Dunkl deformation’ of so(n—1), with Ho being the Casimir invariant



Quantum mechanics achieves E ¢ Rby HT = H but HT = p H p~—1 suffices
Such non-hermitian H is related to a hermitian Hg by a similarity transformation

Real spectrum assured by (unbroken) invariance under a combined involution 77,
where 7 is linear and 7 is antilinear (usually 7 = complex conjugation i — —i)

T deformation: a non-hermitian 7777 -invariant family H. smoothly deforming Ho:Hg
Induce H=H_ — H. from a complex coordinate deformation () : R*~1 — cn—1

If (<) is compatible with Weyl invariance, then integrability will be preserved



Simple possibility here: 77 = order-2 element s from Weyl group (e.g. reflection sg)

Conditions on a complex angular coordinate deformation I () (debatable!):
e it should be linear AV
e it should not change the kineticterm L2 = T (v) € SO(n—1,C)
e it should render U.(6) := U(I‘( )5) PT-invariant = PTT(c) =T(¢)

Consequences:

|_( ) = eXD{Z GZ]} with Gij : yk > I<5k*7yZ —5kiyj)
1<J

Pr(e) = sM(e)s = T(=c) = T()" = Tr()

= G = Y i<;ci;Gyj; intertwines between the 41 and —1 eigenspaces of s



Simplest case: P =root reflection s, = <G ~ ey NGy € su(l,1)

(cosh( ) —isinh(¢) O---O\

o isinh(¢) cosh(¢) 0---0 _ _ _
= () = " = 0 0 in suitable coordinates
: : 1,—3
\ 0 o )

& complexifies the angle ¢ — ¢ 4 ¢ inthe 2-plane v A G~
Much more general 77 deformations are possible; their classification is open

Benefit: partial de-singularization of the potential; singular loci obey

a-y=0 — «a-ITMle)y=0 = two real conditions for each root o

Singularities (generically) reduce from codimension-one to codimension-two =
Particle is liberated from its Weyl-chamber trap and can move everywhere on S" 2



Explicitly:

U@ = 2 Y (a?(ﬂ(_)l;)z = 21 3 cos26,()
aER 4 aER 4
is less singular due to Oa(c) = 0o + 11.(0,¢))
1 _cosh? 1), cos? fq — sinh? 1), sin? 0, + %sinhQ sSin 20,
cos2(0q +in.) (cosh? 1), cos? 0, + sinh?2 1), sin2 6,,)2

Wave functions carry a factor
g g
A= J] @y = ad= ] (aT()y)
a€ER aER 4
and remain unphysical (non-normalizable) for ¢ < 0, except at n=3 (see below)

3 (nonlinear) 777 deformations which totally de-singularize A and U at n>3 =
then state tower for ¢ > 1 must be joined with new state tower for ¢/ = 1—-g < 0

g € Z: P77 deformations may roughly double the degeneracy of the energy levels
and introduce new ‘odd’ conserved charges Q with Q H.(1-9) = g (9 Q



Jacobi relative coordinates on R2 | center-of-mass X:

et = X+ syt =y, 0 = 30x+ 50,4 =0,

2 = X — L

1 1 2 1 1
\/§y +\/—gy 3 83;2 — §aX \/—81+\/—

3 _ 2 2 _ 1 2
£r — X—\/—gy , 3x3 — §8X—\/—63y2
y! = rcos¢ and y? = rsing — w = yl +iy? = re'?
Angular Hamiltonian:
o .2 18 (ww)3

U(¢) = %58 3 cos(¢+k%) = 39(9-1) cos >(3¢)
k=0,1,2






Spectrum and eigenfunctions:

g = %qQ with g = 3g+/¢ = 3(g9g+ 13) and deg(eq) =1
Vig(r,¢) = Jo(V2ET) ve(9) €= 363

ve(9) = v, (¢) ~ 11 (1>,L3U—2>,§%)€:‘J A0 = =1 A7 R, (D (w3, 53)

5
A ~ w34+ @3 ~ r3cos(3¢)  vanishes at ¢ = i6 47 i%
1 p p - 2i/3
Dy = 0w — { _} with p = e®™'/
w . g w—I—'LT)SO_I_pw—I—ﬁ’JJS_I__I_ﬁw—I—p’LTJS P

3 =3\ __ k F(14+7:) T (g+k) T (g+/2—k /—3k =3k
B9 (uw ) = Z( 1) r(2ggr£3>3r)(g§gr<13rk(>gr<13+63>—k)w W



Low-lying wave functions v,(9) = »—/=39A"h,(9) of the Péschl-Teller model

q B, (© ey ye)
0 (00)

3 | (10) — (01) (00)

6 | (20) 4 (02) (10) — (01) (00)

9 | (30) —(03) (20) — (11) + (02) (10) — (01)

12 | (40) + (04) (30) — (21) 4 (12) — (03) 3(20) — 4(11) 4 3(02)

15 | (50) — (05) (40) — (31) + (22) — (13) + (04) 4(30) — 6(21) + 6(12) — 4(03)

18 | (60) + (06) (50) — (41) + (32) — (23) + (14) — (05)  5(40) — 8(31) + 9(22) — 8(13) + 5(04)

Notation: (mm) = w3m@3™ = (y1 + iy2)3"(yq — iyo)3™

Normalization is arbitrary A = (10) + (01) r® = (11)
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Angular intertwiner:

Ni<w6w—@8@)—ig{w_w _I_pw—pws_i__l_fw—pws_}

S -
w—+ w 0 pw —+ pw pw + pw
. _ w3 — w3 . _ _
My ~ I(wﬁw—w&@) —3ig 03 & @3 = |A9(waw—wa@)A I = Jp+3 g tan 3¢
— Rt~ i AT (wd — B05) hYs

No further conserved charges:

(MIM1>(9) = —QHg(zg)+992 = —res(L?) = — ég)



7T deformation:

x! 142 cosh 1— cosh c—iv/3sinhe 1— cosh c+4iv/3sinh x!
1 . ) . )
(a?) — = | 1— cosh c+iv/3sinh 142 cosh 1— cosh c—iv/3sinh (a:2>
3 3 _ , . . 3
x 1— cosh c—iv/3sinhe 1— cosh c+4iv/3sinh 142 cosh x
(0]§
yl . cosh¢ —isinh yl _ cos(p+ic)
Y2 isinh cosh Y2 sin(¢-+ic)
<— o — o+ic or (w,w) — (e “w,ew)

Complex potential:

(1 4 cosh6¢ccos6¢) + 2isinh 6¢sin 6¢

U(¢) = 99(g—1) (cosh 6¢ + cos 6¢)2







Spectrum: independent of « but previously singular states for g < 0 appear!

eq = 3¢° with ¢ = 3g+¢ =3(g+/3) and (3>min(—g,0)
A ~ e Swd4e3wd ~ 3 (cosh(3 ) cos(3¢) —isinh(3 )sin(3¢)> #= 0

Eigenfunction formula extends to g < O with proper == regularization

3
3 =3\ _ k F(14+73) T (g4+k) T (g+/5—k — -3k —\3k
i (w?, %) = kz_:o(_” O ) PR (e (67 w) 3 (ed)




Low-lying wave functions v} (%) = r=t=39A7 h;(9) of the P7-Pdschl-Teller model

q B D) By (©) By e
0 (10) — (01) ()

3 (11) (10) — (01) (00)

6 | (30)43(21) —3(12) — (03)  (20) + (02) (10) — (01) (00)

9 | 2(40) + 4(31) + 4(13) +2(04)  (30) — (03) (20) — (11) + (02) (10) — (01)

12 | 3(50) +5(41) — 5(14) —3(05)  (40) 4+ (04) (30) — (21) + (12) — (03) 3(20) — 4(11) + 3(02)

Notation: (mm) = e 3(m—m)c,,3mgp3m

Normalization is arbitrary

. o |1 for g<3
State spaces at g and 1—¢ to be joined = deg(eq) 9= q g
2 for ¢ > 3¢



-1

q ARG h;(© A by AR @

: (107 (o7 ©0)

3 (10)(1:)(01) (10) = (01)  (10) + (01)

6 | BT 3((123)); ?51)2) —93) (20)4(02)  (20) - (02) (20) +2(11) + (02)

o | HANTLENTIITZOD 50— 03)  (30) + (03) (30) + (21) — (12) - (03)

12 3(50) 4 5(41) — 5(14) — 3(05) (40) 4+ (04)  (40) — (04) 3(40) 4+ 2(31) — 2(22) + 2(13) + 3(04)

(10) + (01)
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Walsh-Hadamard coordinates (A3 ~ D3!):

vt = X+3(Hety+2) . 9 = 30x 4+ 5(+0: +9y +02)
2 = X+ 3(+x—y—2) , 0.2 = 20x+ 5(+0:— 9y —9-)
> = X+3i(-r4+y—2) , 9,3 = 70x+ 5(—9:+ 8y —9-)
2 = X+ 3(—z—y+2z) , 0u = :0x+5(-0:—0y+09-)
x = r Sinf cos¢ y = rsingsing z = r Ccosf

Angular momenta:

Ly = —(y0,—20y) , Ly = —(20z—x05) , L, = —(x0y—y0z)
52 Laplacian: L? = —(Lg+Ly+12) = —grg0psin0dy— 03



Hamiltonian:

2 2 2 2 2 2
1,92 2 2 < =+ y y< 4+ z 2° 4+ x
— _j(aa: +8y +az) + 29(9_1)<($2 . 92)2 + (yz B Z2)2 _I_ (Z2 B 562)2)
B 1 cos2 60 + sin? 0 cos? ¢ cos260 4+ sin20sin? ¢
U, ¢) = 2g(g_l){sinQG cos22¢ = (cos?26 —sin?hcos?p)?  (cos?6 — sin?Hsin? gb)Q}

Sa Weyl group action (elementary reflections):
Sety - (@, y,2) = (—y,—z,+2) ,  sa—y: (z,y,2) = (Fy, +z,+2)
Sytz - (w,9,2) = (Fz,—2,~y) ,  sy—z: (z,9,2) = (F+z,+2, +y)
Sotez: (@,y,2) = (—2z,+y,—z) , sz (z,y,2) = (2, +y, +x)









Spectrum: eq = 3q(g+1) with ¢ = 6g+¢ = 69+3/3+44,
Wave functions:
wE,q(Ta 97 QS) — ]CJ( V2FE T) UQ(Qa ¢)

14 12
0((0,¢) ~ v (D,DyD;) * (DI+DE+D2) AT 117120 = I (D (2, y, 2)

A~ (2% —y?) (Y - 2) (% = 27)

Linear Dunkl operators:

Dy = 0 — ———s — ————S8p_qyy— —— 8 — 8.,

v v Tty 7Y T—1Y vy z+x Tz r—z
g g

Dy = Oy — — 8 — ——— Spy — S — Sq/—
g g

D, = 0, — Sz—x — Sy—z

S - — S —
z+x T o z+vy yrz z—Y



Low-lying wave functions ’Ug(g) = T_€_69Aghg(g) of the tetrahexahedric model

0| ts la (%)

010 0 10007}

311 0 {111}

410 1 {400} — 3{220}

6|2 0 {600} — 15{420} + 30{222}

701 1 3{511} — 5{331}

8|0 2 {800} — 28{620} + 35{440}

913 0 9{711} — 63{531} + 70{333}

10| 2 1 {1000} — 45{820} + 42{640} + 504{622} — 630{442}

111 2 5{911} — 60{731} + 63{551}

12| 4 0 |36{1200} — 2376{1020} + 2445{840} + 46125{822} + 4893{660} — 215250{642} + 179375{444}
12| 0 3 |101{1200} — 6666{1020} + 47100{840} + 8685{822} — 42609{660} — 40530{642} + 33775{444}

0 | b3 ¥4 hgl)

00 O {000}

3|11 0 {111}

410 1 3{400} — 11{220}

62 0 3{600} — 39{420} + 196{222}

711 1 5{511} — 13{331}

8|0 2 {800} — 20{620} + 23{440} + 12{422}

913 0 3{711} — 27{531} + 56{333}

10| 2 1 15{1000} — 425{820} 4 576{640} + 7568{622} — 14454{442}

111 2 35{911} — 476{731} + 477{551} + 204{533}

12| 4 0| 12{1200} — 456{1020} 4+ 657{840} + 13581{822} + 1137{660} — 88842{642} + 114007{444}
12| 0 3 [813{1200}—30894{1020}+165652{840}+72131{822}—147943{660}—169702{642}+57527{444}
Notation: {rst} = a"yS2' + x"yl2® + x5y'2" + x5y" 2t + xly" 25 + alyS2"
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Simplest linear 77 deformation:

(wl\ 14 cosh isinh —isinhe 1— cosh (azl\
T2 —isinhe 14 coshe¢ 1— cosh isinh 72
3 isinh 1—coshe 14 coshe —isinh 3
Kﬁ) 1—coshe —isinh isinh 14 cosh \a;4)
or

x coshe —isinhe 0\ [z sin @ cos(¢p—ic)
Yy — isinh coshe Of|y]| = r [ sinf@sin(¢+ic)
z 0 0 1 z Ccos 6

<— o — o+ ic or (ac:i:iy,z) . (ejF (;U:I:iy),z>

Complex potential:
U(0,¢) 1 cos? 6 4+ sin? 0 cos2(p+ic) cos? 6 4+ sin? O sin?(¢+ic)

29(g—1)  sin?260 cos22(¢p+ic)  (cos20 — sin? 0 cos2(p—+ic))2  (cos260 — sinZ O sin?(p+ic))2

Still singular at five antipodal pairs of points = ¢ < 0O states remain unphysical






Nonlinear 77 deformation (for <1 #% 0):

T sin(64ic1) cos(p+ico) T — i y + R o
y | — 7 | sin(0+ici)sin(¢+icn) | = r Y+ i T — 2 2
z cos(f-+ic) 2 — isip

with :COSh( ) : zsinh( ) : = \/x2+y2

deforms both L2 and U, with U. completely nonsingular (if both <, nonzero)

Vandermonde
A~ 70 sin?(0+ic,) cos*(04ic1) cos?(2¢42ic-)
X (tan2(9+i ) cos2(picn) — 1)(tan2(9+i Ysin2(¢+ico) — 1)
is nowhere vanishing — g < 0 wave functions now nonsingular

Linear involution: P (0,0) — (—0,—9¢) & (z,y,z) — (—x,y, 2)

together with complex conjugation 7 leaves the deformed Hamiltonian H. invariant






Spectrum: real and «-independent but previously singular states for ¢ < O appear!

eg = 3q(q+1)  with ¢ = 6g9+¢ = 69+ 3(3+4/,

Eigenfunction construction extends to ¢ < O with naive coordinate deformation

2nd branch for g < 0 == deg(e;) = deg,(q—6g) + deg,(—qg—6g—1)

Join state spaces at g and 1—g — high-energy growth is g-independent:

deg(eq) = degs(q—69g) + degs(g+69—6) + degs(—q+69—7) g>0

O for 6g=20,3,4,7,8,11 mod 12 .
g—1 + « g+ 69 } if ¢ <6g—6

for ¢4+69g=1,2,5,6,9,10 mod 12

H O K

=
f =N :
{J ey or gq ,2,5mod 6 f g>60-6
for ¢ =0,3,4mod6
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N
Angular Dunkl operators:
L, = L £ — = — 4 ¥
x = + + 4+

. g{ z S z +

Sz—x
T—2z +z—|—yw82 x s y+2’
. y+x J zSy-i—z}

Ly, = L, + — —
)
g{y S Sy—=z
y+z Sy+2z
z+y
< _
T—y | . 5w+y}

_—S —_—
zorte T T ysy Z4—z+— y+2z
Yy
r—y

y—z Y7

z+m8

s =T
z+wsz+$}




Conserved charges:

I = res(ﬁfg+z’;+£’§) for k= (0,)2,4,6

Jo = Cyp =1 and Jo = —Cr = —2Hq + 69(6g9+1)
Any word in {J>, J4, Jg} is conserved

Center = <<J07J2>> — [J27‘]k] = 0 but [J47J6] 7= 0

[Ja,Js] and {Ja, Jg} are new words, not linear combinations of others

Higher conserved charges are algebraically dependent:

6Jg = 8JgJo 4+ 3JaJs — 6JaJ0Js + JoJododo
— 12(8+59+12¢%)Jg + 4(34+239+3097) JaJ2 — 8(5+39+39%) JaJaJ>
+ 24(134159—1029°—72¢°>)Js — 4(434+709—252¢°—1447>) J5J>
—48(1+4+39)(1+49)(1-12g)J>



First angular intertwiner:

rxr

Qy_’zzz (yz@m - :c28yz — 220zy)

2.2 8g 169 2g—1 2g—1
+g [293/ < ((xQ—yQ)(zz—xQ) + (ZZ_xQ)(y2_Z2) (x2—y?) 2 + (22— 332) )

2,,2 p
_2z%y o+ 23:2 2y 227 2y—|—z}x8x

(z2—22)° (2—y z2—y2 222 2_ 52

+ 29(9-1)(9+2) 2 [ sl N (omes (y+z)3)] + 9 (29°4+89—1) L%

2,,2 .2

2 2y’ _2 204y 20 - -
+ 2¢°(8+99) =) — 59 e T cyclic permutations

A~ 9M3 AT~ Y2200 — Y2 Oaay + (17 —27) Oex + 29 G s O

+ 492 2 2 Orz + 2¢ @ [yz(;ﬁit%zj ) _ Zz(gf_:g;’j )] Or + cyclic permutations



Second angular intertwiner:

Me ~ {Lo, L3} —{Lo, L2y +{Ly, L2} —{L3, L5} + {L3, L2}y — {£5, L2}

Mg = rather lengthy expression

A IMg AY = hopefully a bit shorter

Higher angular intertwiners are reduced to M3 and Mg



Basic intertwining relations:
M?()Q)Jég) _ (J§g+1) _ 6(7—|—129)) M?()g)
MDD = (I — a(11+129) 5T + 48(26+739+48¢%) ) MY
+ 2 M
MDD = (D~ (354369)J5TD) — 3(7-+ag) STV gD
+ 2(1111426689+139242)J5 T
+ 96(457+19339+271792+1368g3+144g4))M§9>

+ (37577 — (11542009+4842) ) M



For the nonlinear 777 deformation:

Theladder 1—-g — 2—g — ... — g—2 — g—1 — g
closes to a loop due to the identification of state spaces at 1—¢g and g

Additional ‘odd’ conserved charges (x = 3 or 6):
Q@) = Mig_l)Mﬁg_z)...Mﬁl—g)
— Q(Q)Hg) — Q(Q)HS_Q) — Hggg)Q(g)
Independence: Q(g) Is of odd order but (Q(Q))2 is a polynomial in the J,

Z- graded nonlinear algebra generated by {Q, Jo, J4, Jg}









Geometric picture of on S™~2, superintegrable but not separable

Characterization of the full set of : Weyl invariants from L,
Characterization of the generated by the conserved charges
Are there more than two charges (need n > 4 to test)
Characterization of the independent : Weyl antiinvariants from £,

of the conserved charges
. regularized potential, ¢ < O states, degeneracy doubling
Additional for integer coupling

to trigonometric, hyperbolic, elliptic Calogero systems
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