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Discretisation of space

Hamiltonian framework:
Approximate a Cauchy surface M with an oriented, finite,
connected graph A = (A%, Al):

» Points in M — set of vertices A°

» Paths between points — set of oriented edges A!
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Discretising connections

The graph A comes with two maps s, t: AL — A?:
The source and target maps.

3
>

Let G be a compact, connected Lie group.
» The space of connections: GN
» The gauge group: GN°
» Gauge transformations:
" x 6N = 6N,

((gX)xel\Oa (ae)eel\l) = (gs(e)aegt_(i))eel\l'
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Approximating the continuum

One graph is insufficient;
We require a net of graphs:
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Refinement (1)

Let A = (A% A!) be an oriented graph.
Consider the free category Cp generated by A:

» Objects: A°
» Let x,y € A°.

Morphisms from x to y: paths from x to y in A
» Composition: concatenation of paths
> Identity element at x: trivial path at x

Notation:

> Set of objects: CS\O)
» Set of morphisms: Cs\l)
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Refinement (2)

Let A;, A; be oriented graphs.
Suppose ¢;j: C; = C; is a functor.
Suppose in addition that:

> The map between objects LE(})Z CEO) — CJ(-O) is an injection;

> Lg.): Cgl) — CJ(.I) maps edges to nontrivial paths;

» for each e, e’ € A}, if e # €/, then Lgb)(e) and Lgb)(e’) have no
common edges;

Then we call (A, Aj,tij) a refinement of the graph A;.
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Examples (1)

Addition of an edge:

L.~ L

Subdivision of an edge:
o———2=0 — *—>—0—>0

Every refinement is a composition of a finite sequence of the above
two types of refinements.
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Examples (2)
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Category of refinements

Let Refine denote the category with
» Objects: finite, connected, oriented graphs A
» Morphisms: refinements (A;, A}, ¢i ;)
Given the Lie group G, there exists a contravariant functor from
Refine to the category of spaces with group actions.
» Objects: A (GN,GN)Y)
. 0
» Morphisms: (Ais Ajsei ) = (pigs R:(',j))
> pij: GAJQ — G™ ‘restriction map’

> R 6N — 6N

Quantization of lattice gauge theories and their continuum limit Radboud University Nijmegen



Refinements
000000e000

Definition of RES-)

Addition of an edge:

(a1,a2,a3) <+ (a1, a2, a3,a4)
Subdivision of an edge:
o—>—=0 — *—>—0—>0

(a1a2) i (a1,a2)

» For general refinements, define Ri(?) by composition of these
maps;

> R,.(S) is independent of the chosen sequence;
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Hilbert space

Define covariant functors from Refine to the category of Hilbert

spaces.
Unreduced Hilbert space:
» Objects: A= [2(GMN)

» Morphisms:

uij: 2(GN) = [2(GM),

Nohii)
(i Ry 1) v o voRY.
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Reduced Hilbert space

L2(GA1) carries a continuous unitary representation of N

(g ¥)(a) :=w(g"-a), acGM, gec™.
Reduced Hilbert space:
> Objects: A L2(GMYE"
» Morphisms:

0
o1 L2(GM)SY 5 12(GM)SY.

(A, Njseig) = Uil ooy
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Observable algebra

Define covariant functors from Refine to the category of

C*-algebras.
Unreduced observable algebra:
» Objects: A — Bo(L2(GM))

» Morphisms:

Vij BO(L2(GA1)) — BO(LQ(GA}))a

YA —
(i s i) a — ujjau’ ;.

J°
Reduced observable algebra:
0
» Objects: A — Bo(L2(GM)EM)
» Morphisms: (NiyNjy i j) —

- B(2(6")%)  Bo(12(6%) ).

vi jl A0
Bo(L2(GM)6™)

Quantization of lattice gauge theories and their continuum limit Radboud University Nijmegen



Groupoids
000000000

The Stone—=VVon Neumann Theorem

Let U and V' be one-parameter groups.
The continuous unitary representations of these groups on L2(R)
given by

(U())(x) = b(x = 1), (V(s)p)(x) = e™e(x).
are jointly irreducible, and satisfy the Weyl form of the CCR
U(t)V(s) = e "tV (s)U(t).

Any other pair of continuous unitary jointly irreducible
representation of U and V on a Hilbert space H satisfying the
CCR is unitarily equivalent to this one.
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Crossed product formulation (1)

Let G be a locally compact group.
Then (Go(G), G, L) is a C*-dynamical system.

(Lg)(F)(a) = flg™" - a).

Now form its crossed product C*-algebra Cy(G) %, G:
» Endow C (G, Co(G)) with the structure of a *-algebra by

fg(a) = /G F(b)L(b)(g(b"a)) db.
(F)(a) = A(a ) L(@)(F(a V)
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Crossed product formulation (2)

» Complete C.(G, Co(G)) with respect to the universal norm:

1] == sup [[w > U(£)];

Us

where (7, U) is a nondegenerate covariant representation of
(CO(G)> G, L)
A covariant representation (7, U) consists of
> a *-representation: w: Co(G) — B(H);
> a continuous unitary representation: U: G— U(H);
> a covariance condition:

7(L(a)(F)) = U(a)n(F)U(a)*, VYae G, ¥f € Co(G).

w3 U: Go(G) %1 G — B(H), fis /Gﬂ(f(a))U(a) da.
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The Stone—Von Neumann theorem for crossed products

Let G be a locally compact group. Then
Co(G) X G = Bo(L2(G)).

In particular, the natural covariant representation (M, L) on L?(G)
is irreducible and faithful.
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Crossed products and groupoids

Let G be a compact Lie group.
Then

Bo(L%(G)) = C(G) % G = C*(G x G) = C*(G).

Here
» G x G is an action groupoid;
» G is the pair groupoid associated to G;

» C*(-) denotes the groupoid C*-algebra of the groupoid.
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What is a groupoid?

A groupoid is a small category in which each morphism is
invertible.

Examples:

Any group H:

» Objects: a set containing a single point {x}
» Morphisms: H
» Composition: group multiplication in H
> |dentity element at *: identity of H
Any set X:
» Objects: X
» Morphisms: X
» Composition: x o x = x

> ldentity element at x: x
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The action groupoid
Let X be a set, H a group with unit e.

Suppose -: H x X — X is a group action.
The action groupoid H x X is now defined as follows:

v

Objects: X
Morphisms: H x X, (h,x) € Mor(h™! - x, x).
Composition: (hy,x1) o (h2,x2) = (h1ha, x1) if xp = hl_1 - X1

v

v

v

Identity element at x: (e, x)

Take X = H =G, and -: G x G — G is the group multiplication
= G x G.
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The pair groupoid

Let X be a set.
The pair groupoid X is now defined as follows:

» Objects: X

» Morphisms: X x X, Mor(x,y) = {(x,y)}.

» Composition: (x1,y1) o (x2,¥2) = (x2, 1) if x1 = y2
» Identity element at x: (x, x)

Take X = G = G.
G x G is isomorphic to G:

(G x G)M = G, (b,a) — (b 1a,a).

This isomorphism is compatible with the Haar systems on both
groupoids = C*(G x G) = C*(G).
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Groupoids and refinements

Let f € C.(GMW) = C(G x G).
Let 7: C*(G) — B(L?(G)) be the natural representation.
Then

()W) (a) = /G F(b, a)u(b) db,

where 1) € [?(G) and a € G.
Question: How does this operator behave w.r.t. refinements?
Let (A, Aj,¢ij) be a refinement. Then

vij(mi(F)) = mi(f o RD),

where R = R x Q. ¢ — g
i i i i
= a morphism of groupoids (functor) R;;: G; — G;.
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Direct systems

Let (/, <) be a directed set, let C be a category.
A direct system in C consists of
> A net of objects (Aj)ics;
> A collection of morphisms (¢;;: A;j = Aj)ijel, i<j such that

> i = lda;;
> ik = @jko e whenever i < j < k.
Example:
— — N
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Inverse systems

Let (/, <) be a directed set, let C be a category.
An inverse system in C consists of
> A net of objects (Aj)icr;
> A collection of morphisms (¢;: Aj = Aj)ijei, i<j such that

> i = lda;
> ik = @jjopjk whenever i <j < k.
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More direct and inverse systems

Let ((Ai)ier, ((AisAjstij))ijer, i<j) be a direct system in Refine.
Contravariant functors to the categories of

» Spaces with group actions

» Groupoids

= inverse systems.
Covariant functors to the categories of

» Hilbert spaces
» C*-algebras

= direct systems.
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Inverse limits

Inverse limit of sets:

@;A, =3 (a)ies € [[A: pijla) =aiVijel, i<
e iel

» Spaces with group actions:

0 1
lim G"', lim G"' | ;
) ,I.|m G :
i€l el

» Groupoids:

1
lim G; 2 Pair groupoi i im GNP .
EGI air groupoid associated to %G
1 1
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Direct limits (1)

Direct limit Iiml_el A; of Banach spaces with linear contractions:
Completion of the space [, Ai/ ~, where

(i,ai) ~(,a) & Fkel, k=ij:pixa) =pjk(a)),
with respect to the norm

Ilis @il o= fim_[lii(ai)lla;-

» Hilbert spaces:
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Direct limits (2)

» Observable algebras:

'?nr; Bo(L2(G™)) = Bo ('?",‘ LZ(GA?)) ~ B, (B (g GA%)) :

It can be shown that
2 A ~ [
o (¢ (mer)) = ime)
icl icl

lim C*(Gj) = C* (@ G,-) .

iel

Hence
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Outlook

» More direct proof of correspondence groupoids <> observable
algebras in the limit, e.g. using induced representations

» Dynamics

> Inverse system of state spaces, renormalization group
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Questions?
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